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NUMERICAL METHODS FOR SOLVING PROBLEMS OF
MECHANICS OF CONTINUOUS MEDIA

0. M, Belotserkovskiy

INTRODUCTION

Present practical needs require that applied scientists cope with various
types of problems which can, in most cases, be successfully solved with the
required accuracy solely by numerical methods using electronic computers.

This obviously does not mean that analytical methods which permit solutions in
"closed" form will not be further developed; however, it is entirely clear that
the class of problems which may be solved in this manner is quite small and it is
hence important to develop general numerical algorithms for the study of prob-
lems of mathematical physics. This appears to be particularly timely in the
mechanics of continuous media (gasdynamics, theory of elasticity, ete.), which
is due to a number of circumstances,

1. Difficulties in carrying out experiments, Experiments concerning
phenomena attendant, for example, to hypersonic flight velocities are accom-
panied by high temperatures, which result in dissociation and ionization and in
a number of cases also in gas ""glow.' In these cases the modeling of the
phenomenon under laboratory conditions is extremely difficult, since similitude
between the full-scale specimen and the experimental model can no longer be
obtained by satisfying the classical similitude criteria — equality of Mach and
Reynolds numbers of the model and prototype. It is also required that absolute
pressures and absolute temperatures be equal, which is possible only when the
dimensions of the model and prototype are the same, All this shows the great
technical difficulties and expense of experimental studies, without mentioning the
fact that in many cases the experimental data are of highly limited nature.

However, the above is not intended to degrade the importance of experiments.
They will always remain the cornerstone of studies which verify (or disprove) the
model and solution of a given theoretical approach,

2. Complexity of the equations used, The extensive use of numerical
methods in the mechanics of continuous media also follows from the fact that the
equations of aerodynamics, gasdynamics and the theory of elasticity constitute a
most complex (compared with other fields of mathematical physics) system of
partial differential equations,

In general, this is a mixed-type nonlinear system with an unknown shape of
the transition surface (where the type of equation changes) and with "moving
boundaries, ' i. e.,, the boundary conditions of the problem are specified at sur-
faces or lines which themselves are subject to determination during computations.

*Numbers in the margin indicate pagination in the foreign text.
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Here the range of variation of starting functions is so wide that ordinary methods
of analytic studies (1inearizaﬁon of equations, series expansion, the small-param-
eter method, etc,) are in general not suitable here for obtaining a complete
solution of the problem,

It should be noted that preliminary analytical solutions of the various proper-
ties of the problem may be of great help in formulating large complex problems
with computers, and sometimes are simply decisive for successful realization
of the numerical algorithm.

In the final analysis, the success of using a given algorithm with the
smallest expenditure of machine time depends on the smoothness of the functions
used. Hence the selection of independent variables, different forms of writing
the starting system of equations (which may be mathematically equivalent, but
not equivalent with respect to their approximate representation), the use of the
exact integrals of the system, determination of directions along which the func-
tions are represented, the structure of computational grids — all play an im-
portant role in working out the numerical algorithm,

3. We shall now consider still another feature of algorithms used in solving
specific problems of mechanics of continuous media, At present, as is known,
numerical methods are coming into permanent use in investigations of design
offices and research institutes. The numerous successes in the study of space,
in the practice of optimal control, selection of efficient aircraft shapes, etc.,
owe a great deal to serial computations and the use of information thus obtained,
The volume of information provided by a correctly stated, well modeled and
efficiently algorithmed problem is much more complete and substantially cheaper
than corresponding experiments. However, extensive practical use of numerical
methods requires that these be sufficiently simple and reliable,

Thus, on the one hand, one has to deal here with very complicated
mathematical problems, while on the other it is necessary to develop sufficiently
simple and reliable numerical methods which can be used for serial computations
under conditions prevailing in research institutes and design offices.

This collection is primarily concerned with numerical methods of solving
gasdynamic problems. In this sense the content of this series of articles is some-~
what more narrow than the collection's title.

We note first not only that no mathematical theorems of existence and
uniqueness are proved for the overwhelming majority of gasdynamic problems,
but that frequently it is not sure whether such theorems can be obtained at all.
The mathematical statement proper of the problem is, as a rule, not formulated
within the rigorous meaning of this term, and only the physical statement is
given, which is not the same thing, The mathematical difficulties in the study of
problems of these types are due to nonlinearity of equations and also to the large
number of independent variables.

The situation is similar with respect to methods for solving gasdynamic
equations., Studies pertaining to the feasibility of implementing the algorithm,
its convergence to the sought solution and stability have at present been carried

[ [} oI mmn rnm iNEEn



out rigorously only for linear systems, and in a number of cases only for equa-
tions with constant coefficients. Being nevertheless faced with the need to solve
the problem, the computational mathematician is forced to use algorithms al-
ready known and to even a greater extent develop new methods the applicability
of which does not have a rigorous mathematical proof. It should not be thought
that the situation of such a mathematician differs much from that of any investi-
gator in a new field, One can find a large number of examples in sciences, in-
cluding mathematics, when new ideas and concepts arose and were successfully
used without a rigorous substantiation, which appeared later. Obviously, this
does not imply that new computational algorithms can be developed blindly, /i
without regard for a clear statement of the problem and without delving deeply
into its physical meaning, This approach inevitably results in numerous mistakes;
with the loss of time and what is most important, experience, which was obtained
without a theoretical substantiation, not providing any basis for the subsequent
development of the method.

Attention is called here to this generally simple problem for the reason that
it has hitherto been considered by some that the main thing is to write the dif-
ferential equations, and the rest then reduces to a trivial substitution of finite
differences for the derivatives and to programming, which is frequently given more
than its deserved importance. In conjunction with this it is useful to formulate
the principal stages in the numerical solution of mechanics of physics problems
on an electronic computer as follows: 1) construction of the physical model and
mathematical statement of the problem; 2) development of a computational al-
gorithm and its theoretical investigation; 3) programming (manual or automatic)
and formal debugging of the program; 4) procedural debugging of algorithm —
checking its performance with specific problems; elimination of shortcomings and
experimental study of the algorithm; 5) serial computations, accumulation of ex-
perience, estimating the effectiveness and limits of applicability of the algorithm.

Mathematical theory, physical and numerical experiments using the computer
are used together and consistently at all stages. How this is done at each stage
is best illustrated by solving specific problems, which shall be done below.
Hence only a few general remarks are in order here.

The basic principle of using mathematical results consists in the fact that
conditions allowing one to solve a problem in the simpler and more particular
cases should be satisfied also for more general and complicated cases, At the
same time the consideration of the physics of the phenomenon provides a
qualitative picture which is used for checking and refining the statement of the
problem., Finally, the final experimental check makes it possible to determine
the correctness of the assumptions made and to give an estimate of the algorithm
and of the solution, in particular of the latter's accuracy. It should be noted
here that the accuracy of the numerical solution of a formulated differential prob-
lem should be checked purely mathematically, without resort to physical experi-
mental data. The latter can used for qualitative comparisons, while quantitative /7
comparison of calculations with the experiment should provide information on the
extent to which the assumed physical model approaches actual conditions.

The lecture series '""Numerical Methods for Solving Problems of Mechanics

of Continuous Media' consists of a number of communications illuminating
different approaches in this field. Analysis is based chiefly on specific examples.
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In a number of cases the topics of the papers are similar and it is possi-
ble that the same problem is presented by the lectures from different points of
view. This is natural, since one of the tasks of the summer session was to
familiarize the participants with different aspects and points of view which
arose over a wide range of research with the advent of electronic computers and
made it in general possible to obtain sufficiently accurate solution of complete
equations of gasdynamics, meteorology, etc.

The first to be presented are finite-difference methods, and these are
followed by schemes of the numerical method of integral relations and by the meth-
od of characteristics. This subdivision of methods into the above groups is quite
arbitrary, since many finite-difference schemes require satisfaction of integral
relations (conservation laws), while schemes involving the use of characteristics
are substantially difference methods using special characteristic grids.

V. V. Rusanov and V. F. D'yachenko present in their lectures finite-difference
methods for solving unsteady gasdynamic problems (stabilization methods, meth-
ods of "through'' computation, problem of breakup of an arbitrary discontinuity,
etc.). G.I. Marchuk considers difference schemes of the ""decomposition" method
and touches upon questions of its application in problems of dynamic meteorology
and hydrodynamics. The use of the small-parameter method in constructing
numerical solutions of equations of mathematical physics is considered in the
lecture by A. A. Dorodnitsyn. O.M. Belotserkovskiy presents numerical meth-
ods for solving steady-state gasdynamics problems (method of integral relations
and lines, numerical method of characteristics, schemes with pseudo-viscosity
and their applications). V.V. Shchennikovconsiders schemes of the method of
integral relations and of the finite-difference method as applied to calculation of
viscous boundary layer flows.

The selection of problems used to illustrate the numerical methods is ob-
viously related to the interests of the lecturers andin no way pretends to fully
describe the application of the given method.

Despite the fact that this collection is published quite some time after the

session was held, it was decided not to supplement the collection in any way,
since this would only delay its publication. /8

November, 1969. O. M. Belotserkovskiy
V.V. Rusanov




DIFFERENCE METHODS IN SOLVING PROBLEMS
OF GASDYNAMICS

V.V, Rusanov

1. Some Information from Gasdynamics

Let us consider the flow of gas occurring in some region in space, Let r be /_9
the radius vector of the point and t the time. The principal flow variables of the
gas: velocity U, pressure p, density ¢ and others are defined for a gas particle
located at the given point at the given time and are functions of r and t. The gas
flow is called steady if the functions governing it are independent of time, i.e.,
if the state of the gas in a given point in space does not change with time. In the
opposite case the flow is called unsteady.

Let f(r,t) be some parameter of the gas. We can follow its change with time
in two ways — either at a given point with r = const, or for a given particle, in
which case r = R(t), where R(t) describes the path traversed by the particle.

The change in the first case is defined by the derivative af/at]| ,_ .on.,- In the

df _ of of &R

second case f(r, t) = f(R(t), t) and i ot IR dt’

total derivative.

this expression is called the

If f is a scalar function, then gf/oR =grad f . K if is a vector, then af/oR
is a tensor.

To find dR/dt we note that r = R(t) is the equation of the path of a particle
which at time t in point r has a velocity U(r, t). Hence dR/dt = U and the ex-
pression for the total derivative is

i _of

ar "ot tVedl

In addition to the pressure and density we will have to deal with the following _/E
functions: T - temperature, € - internal energy of unit mass consisting of the
total energy of the molecules, h - enthalpy and S - entropy. Only two of the above
quantities are independent. We shall assume that these are pressure p and density
p and shall treat the other quantities as functions thereof,

*A '"gas particle' is an arbitrary concept, denoting a small gas volume with-
in which all the flow variables can be regarded as constant, but which still con-
tains enough molecules so that it can be treated as a continuum,




The equations of motion of a gas can be obtained by applying to an individual
gas particle the basic laws of physics and mechanics — laws of conservation of
mass, momentum and energy, with allowance for thermodynamic processes oc-
curring in the particle. We consider the equilibrium flow of a gas, i.e., a flow
such that during any given time the interaction between gas particles is of purely
mechanieal nature.

d
The gasdynamic equations inthis case have the form: E:E +p divll = 0 - equa~

tion of conservation of mass; v, lgrad p =0 - equation of conservation of mo-
dt ¢

mentum, and p %{3 +pdivl = 0 - equation of conservation of energy.

Combining the first and third equations, we get

d(i) -
de e/ .¢ 148 _o.

or —_—

it P a dt

Expression dS/dt = 0 means that the entropy is constant along the particle
path, and in steady flow it is constant along the streamline, Finally, the last
equation can be transformed to the following form, which shall be subsequently
used:

:—l:- + pcldivli =0,
where
_p23e S
c? . g___p_a_P.. == de_ = (EE_) .
.Pza—e ?-Q dp S = const’
ap ap
Quantity 02 is a function of p and p and, as is known from acoustics, is the /11

square of the speed of sound.

For an ideal gas with constant ratio of specific heats y = Cp/ Ccy we have

| 4
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Both steady and unsteady problems of gasdynamics can be subdivided into one-,
two- and three-dimensional, depending on the number of space coordinates on
which the gas flow substantially depends. We shall basically consider problems



with three variables, i.e., we shall consider unsteady two-dimensional and steady
three-dimensional problems.

In addition to differential equations, we will have to deal with boundary con-
ditions. In problems to be considered one encounters two types of boundary sur-
faces — impenetrable surface of a body and the shock wave, A boundary con-
dition at the surface of a body is simply the condition of impermeability, i.e.,
requirement that the velocity component normal to the body be zero.

The boundary conditions at a shock wave are somewhat more complicated.
Let us examine the surface of a shock which is a surface of discontinuity of gas-
dynamic functions. Let v be the normal to the shock wave and D the absolute
shock wave velocity in space in the direction of this normal (the velocity with
which the wave surface moves in space along the normal); then vD is the vector
velocity of the wave. Both v and D are functions of a point on the wave surface.
The gas velocity relative to the wave is expressed by the equation

V-U- 'D.

TLet f + and f_ be the values of some function f on the two sides of the shock wave,

We denote the jump in function f across the wave by [f]:

(f1=f,-f_.

We note that the velocity V of the gas relative to the wave as well as its
velocity U in space are different on both sides of the shock wave, while the
velocity v D of the wave proper in space is naturally the same on both sides of
the wave, The boundary conditions at the shock wave are thus written as:

2
[eV,1=0: [U.1=0; [P+pV§]-0; [h+y_"]_0'

where Vy is the projection of V on the normal, V, = U,- D, and U, is the

velocity component in the plane tangent to the shock surface. For steédy flow
D =0, i.e., the shock wave is stationary in space,

Some remarks now on the characteristics of gasdynamic equations. The
concept of characteristics of partial differential equations has many aspects.
From the point of view of the theory of differential equations a surface is called a
characteristic if under the initial conditions on it the Cauchy problem is unsolvable,
Another property of a characteristic surface is the fact that some differential
relation between the sought functions is satisfied in each of its points; here all the
differentiations are made along directions lying in the plane tangent to the surface,
Both these properties are closely interrelated and can serve as points of departure
for determining the characteristic surface,



It can also be shown that characteristics are surfaces of weak discontinuities,
i.e., discontinuities of derivatives in the solution, and surfaces along which
small perturbations are propagated through the gas, This latter property will be
of primary interest here.

If we examine all the characteristic surfaces passing through one point, their
envelope will form some surface similar to a deformed cone and termed the
characteristic conoid, This conoid has the property that a small perturbation
originating at a point propagates over a region bounded by the inner surface of
the characteristic conoid with a vertex at this point.

The conical surface tangent to the characteristic conoid and having a common
vortex with it is called the characteristic cone. The characteristic cone permits
a very graphic physical and geometric interpretation in the case of three inde-
pendent variables, i.e,, in the case of unsteady two~dimensional and steady
three-dimensional flows.

Let us, for example, examine the two-dimensional unsteady flow in the (x, y)
surface, the third coordinate being the time t. It is assumed for simplicity that
all the quantities change little in the vicinity of the point under study; in particular,
it is assumed that the gas velocity and the speed of sound can be regarded as
constant over a small time interval, Let this velocity in the (x, y) plane be repre-
sented by the vector U, and let at some time t = 0 a small disturbance, from
which a sonic wave propagates with velocity ¢, initiate in the coordinate origin,

During the time t the particle moves over segment Ut, while the disturbance
propagates to all sides of it through a distance ct, and at time t the disturbed
region will have a circular shape., Treating t as a parameter, we will get in the
(r, t) space some cone, the section of which by plane t = const is a circle with a
center at point Ut and radius ct (Fig. 1). This is the characteristic cone for a
two-dimensional unsteady flow.




In this case the characteristic cone will always exist, irrespective of the
magnitude of velocities U and ¢. This is due to the fact that unsteady gasdy-
namic equations are always hyperbolic, i.e., a real characteristic cone always
exists.

The perturbation is maintained also in the particle in which it originates;
hence still another line will exist inside the cone, i.e., the path of the particle,
along which the perturbation will also move, This line is a degenerate char-
acteristic cone.

We also note that the characteristic cone does not touch and does not inter-
sect the plane t = const, i.e., it moves out of it. This circumstance ensures
that the Cauchy problem for the equations under study with initial conditions at

t= tO always has a solution, i,e., these surfaces (of plane t = const) are not char-

acteristic,

At any instant in time the perturbation originating at some point propagates
only over a finite distance and conversely, for any point P, lying on the plane
t>t, all the points in the plane t = t0 which can affect it lie inside the base of the

characteristic cone with vertex at point P, The dependence domain of point P is
bounded.

If we take three space variables, then the situation will be similar. The /14
characteristic cone, or hypercone, never intersects the space t = const. Hence _
any surface lying outside the characteristic cone and not intersecting it is said to
be a three-dimensional type surface.

This three-dimensional type surface has the property that the Cauchy problem
with the initial conditions imposed on it has a solution at some close proximity to
the surface,

In addition to surfaces t = const, surfaces f(x, y) = const may also be sur-
faces of three-dimensional type. The Cauchy problem with initial data at f(x, y) =
= const physically means that the initial conditions are specified at some stationary
line,

A surface f(x, y) = const can be a three-dimensional type surface only in the
case of U>c¢. I, however, U<c, then the characteristic cone will include within
it the time axis t, the surface f(x, y) = const will always intersect it and, conse-
quently, it will no longer be a three-dimensional type surface,

When U> ¢ the cone for steady three-dimensional flow exists and is real and
the equations are hyperbolic, This is the case of supersonic flow. WhenU<e¢
the flow is subsonic and the steady-state equations are elliptical.

A similar situation also exists for three-dimensional steady-state flows,
In this case the term three-dimensional type surface is also applied to any sur-
face not intersecting the characteristic cone (if the latter is real).



2. Supersonic Gas Flow Around a Blunt Body.
Statement of the Problem* -

Let us consider an arbitrary smooth body placed in a supersonic gas flow,
uniform and steady at infinity, with velocity Uoo’ pressure p_, and density ¢, .

Determination of the flow about the body reduces to finding a solution to the gas-
dynamic equation, satisfying the condition of impermeability at the body's sur-
face and taking the specified values at infinity, However, the problem as here
stated does not a priori have a unique solution [4] and at present there is no
theoretical basis for selecting the required solution. Hence use must be made
of existing experimental data and one must postulate certain qualitative proper-
ties of the solution beforehand, Thus, it is well known that a shock wave is
produced ahead of the forward part of a blunt body placed in a steady supersonic
flow and that this wave separates the flow region adjoining the body from the
undisturbed flow. Here the flow immediately behind the wave will be a priori
known to be subsonic at points where the angle made by the wave surface with
the vector of the undisturbed flow velocity U00 is larger than some value which

depends on the Mach number Moo‘
If the body is bounded in a direction perpendicular to Uoo’ then sufficiently

far downstream the flow will again become supersonic and a transition surface
will terminate the subsonic region,

Postulation of the flow pattern sharply reduces the class of permissible so-
lutions and one may expect uniqueness of the solution, if such exists, Obviously,
the latter will not always be true and there arises the problem of describing the
class of bodies for which the above flow pattern is actually obtained.

From the mathematical point of view this question is just as complicated as

the solution of the problem of supersonic flow past bodies in its general statement

and at present no rigorous results are available on this point, Hence one must
turn to experimental results and consider first the body shapes close to those for
which the above flow pattern is actually obtained.

Along with the results of physical experiments, the existence of a solution can

also be inferred from those of numerical experiments. In fact, if we obtain a
numerical solution for some body which would correspond to the postulated flow
pattern, then this serves as a weighty proof of the existence of a solution of the
differential equations.

With the above observations in mind, we finally formulate the problem of
flow around a body as follows. For a given body we shall seek the solution of
gasdynamic equations in the region between the shock wave and the body on the
assumption that no singularities exist in this region. The boundary condition at
the body's surface is that of its impermeability, The boundary conditions at the

*The most of the results presented in this and subsequent sections were
published previously in [1-3].
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shock wave, the location of which is to be determined, are the standard relation-
ships at the discontinuity surface.

i the dimensions of the body are finite, then the solution of the kind sought
does not a priori exist in its entire vicinity., Someplace in the afterbody its con-
tinuity may be disturbed (as a rule, a second '"tail" shock wave is observed in
experiments), However, these features do not affect the supersonic and subsonic
regions farther downstream, where the solution can be found independently.

Here the overall problem naturally decomposes into two parts. We separate
the space between the wave and the body into two parts, I and II, by a surface O
in such a manner that it lies in the supersonic region and is of the three~dimensional
type (Fig. 2). Then the first problem will be determination of the flow in the bow
part, in region I, where the equations are of the mixed type. The second problem
is determination of the flow in the purely supersonic region II, where the equations
are hyperbolic.

Figure 2,

We shall first consider the solution of the second problem, assuming that the
first has been solved and the values of all the functions at I are known. Then in
region II we will get a mixed problem with a free boundary for hyperbolic equa-
tions with three independent variables, I it were possible to construct an
algorithm which would be used for finding the sought functions at a surface nys

situated farther downstream, from their values at m, then the process could be
repeated and the solution in region II could be constructed as long as the the
postulated flow pattern is maintained.

Up to now all the deliberations have been of a general nature. Now it is ex~-
pedient to make them more precise, introducing a certain coordinate system and
writing equations and boundary conditions within this system.

We start with the cylindrical coordinates (z,r, ¢) whose axis is drawn inside

the body in such a manner that it has one common point with it., Let u, vand w
be the components of the velocity vector U along the coordinate axes, The system

11



of steady equations of gasdynamics is written in matrix form

X, 00X, q0X,, _
l'at+<}'ear +Qa?+A 0,

where X and T, 2. and Q are fifth-order matrices, functions ofthe components of X.

]
PTwogesx

For example,

1

[ ]
'o'goor.-
COoOoOoOr O
cCorp OO
o OQ'D'
Eooc0oo

etc,

Although it is easy to write equations in cylindrical coordinates, it is in-
convenient to use them for solving the mixed problem, since the region has an
unknown boundary, Hence we replace the independent variables, replacing
(z, r,¢) by coordinates (g, n, &), so that the coordinate surface £ =0 and g =1
would be respectively the surface of the body and of the shock wave, One way of
doing so is the following. We mark out for each n on the z axis a point A with
coordiante z = {(n) and draw a cone with apex half-angle w(n) with a vertex in

this point (Fig. 3).

Let the cone's generatrix intersect the surfaces of the body and the shock
wave at points B and C, respectively in the plane ¢ = & = const, Let P be any
point lying on segment BC. We denote

AB =G(q, 8); AC=F(n, §)

and /18

g BP _AP-G
BCT F-G

Then it is easy to see that

z = L) = {G(n,%) + E[F(n,8) ~ G(n, 3} cos w(n);
r= 1G(n,8) +E[ F(n,8) = G(n, 9]} sin w(n);
q) - \"

is precisely the sought substitution of variables.

12



If surfaces n = const are of the three-dimensional type, then they can be
used as a system of surfaces I and mixed problem in the region with fixed bound-~
aries

n>1n_; 0<cec ; 0<d<2n

can be considered for the system

9X ,poX ,caX -
Aag +Baﬂ +Ca"1 +T =0,

where A, B and C are matrices which are functions of X and of the derivatives of
z and r with respect to £, 1 and §. The system is assumed to be n-hyperbolic and
the initial conditions are specified at n = g - The boundary conditions are speci-

fied ate =0 and &£ =1, The coefficients of this transformed system contain deriva-
tives of the new coordinates with respect to the old, including also derivatives of
the sought function F, defining the wave shape,

We have thus reduced the finding of the solution in region II to the mixed /19
problem for a hyperbolic system of equations in a region of very simple shape.
At all the points of this region we seek the values of components of vector X,
while at points of the boundary &€ = 1 we seek the values of the function F for which
the initial values are known at the segment& =1, 4 =ng, 0<8<2n. The differential
equation needed for finding function F is contained in the boundary conditions at the
wave. In fact, the boundary conditions contain function ¥ proper, as well as its
derivatives F, and Fg. Upon eliminating Fy from them, we get four conditions
relating the components of vector X and a fifth condition from which the value of
F, is determined,

We now examine the problem in region I. It is bounded by the shock wave,
the surface of the body and the transition surface or, more precisely, the limiting

13



characteristic surface.  The difference in the type of equations in regions I

and II is responsible for the substantially different statements of the problems,
In the case of supersonic flow, when the equations are hyperbolic, the calculations
can be carried outin sequence from the initial surface downstream, which
appreciably simplifies the solution. In the case of mixed-type equations, the
disturbances propagate from each point in all directions and the problem has to
be solved simultaneously for the entire region. A very effective way for solving
these probl ems is the so~called stabilization method, It is based on the physical
fact that under actual conditions the flow about the body always arises as the
limit of the unsteady flow in a sufficiently prolonged motion of a body with constant
velocity and with constant fluid parameters. It therefore should be expected that
for constant boundary conditions at the body and at infinity, the solution of the
problem of unsteady flow past a body will approach the solution of the steady
problem as time approaches infinity, irrespective of the initial flow. Since the
equations of unsteady gas flow are always hyperbolic, the problem reduces to
solving the mixed problem for a hyperbolic system of equations, With reference
to the qualitative flow pattern, the boundary conditions for the problem at hand
should be specified at the surface of the body and at the shock wave, the location
of the latter not being a priori known. Instead of the characteristic surface it is
more expedient to consider the previously introduced surface 1, located in the
supersonic region. If 0 is of the three-dimensional type at any given time,then it
is unnecessary to specify any boundary conditions on this surface.

The mathematical formulation of the unsteady problem is obtained directly
from the steady problem formulated above, One only has to write the total deriva~
tive in the differential equations with allowance for the explicit time dependence of
functions. The introduction of the previously mentioned coordinate system (€, n,8)
will transform region I into one with constant boundaries, and the final equations
acquire a derivative with respect to time:

X 49X , paX ,coX 1.
51 +A8&+Ban+caﬂ+r 0.

The mixed problem is stated for the region
t2tys 0<eE<l Ogngm,; O0g@<2m.

The initial conditions are specified for t = tO and the boundary conditions are given
atg =0 and g = 1.

It is assumed that surface n = 0 degenerates into the z axis. There is no
need to specify boundary conditions at n = 0, but some measures must be taken in

*The latter is defined as that characteristic surface of all such surfaces
having common points with the transition surface which is farthest removed from
the latter,
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order to remove the singularity introduced by the cylindrical coordinate system
at r = 0. As we see, the problem reduces to a system with four independent
variables. I the flow is axisymmetric, i.e., if there is no dependence on §,
then we again get a system with three variables. For simplicity this is the only
case which is discussed subsequently. We note that if the bow part of the body
is spherical, then for sufficiently large angles of attack axial symmetry may
exist in region I relative to the direction of vector Uoo'

Thus, determination of the flow in regions I and IT has been reduced to com-
pletely analogous problems for hyperbolic systems. Before these are solved by the
difference method, we examine one more problem of the same type, namely, cal-
culation of the flow past an arbitrary infinite cone. Such a flow is self-similar and
all the functions retain constant values along rays drawn from the vertex. If in our
substitution of variables we set{(n) = n and w(n) =n/2, then it takes the form

Z =7, G = G(n,8); 12_1
r=G+&(F~G); Fa=F(q,®,
p=19,

For a cone G = ng(8) and F = nf(8) should have a similar form. From this the
direction of the ray drawn from the vertex is determined solely by the values of
variables g and &. This means that in the case of conical flow functions U, p
and p will not depend on n and the term 8X/dn will drop out., Thus, in order to
determine the flow about the cone one must solve the system of equations

oX X =
Aa—g-+ca‘&+r—0

with boundary conditions at € = 0 and & = 1. This is very similar to the problem

in region I and naturally suggests the use of the stabilization method for calculating
the flow about a cone, in other words, carry out computations in region II for the
complete system of equations until all the functions cease being functions of y.
Experiment has shown that this is actually possible and, moreover, the method
was found quite effective for calculation of conical flows [1].

3. Description of the Difference Scheme for Solving
Two-Dimensional Problems of Flows Past Bodies

We shall now consider in detail the construction and investigation of the dif-
ference scheme using an unsteady axisymmetrical problem for illustration. The
difference scheme for the other problems of this type formulated above is con-
structed similarly,

Firstly, we state the problem in more detail., We shall seek the solution of
the system of quasilinear equations

X _a9X . gdX .1 .o
ot +A8&+Baq+ ’
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where

in regiont>t,: 0<g = 1;

X=

u
v b4
P
p

0<n<ny. The sought functions are the four-dimensional

vector X(t, £, n) and function F(t, 1), which determines the shape of the wave.
The system's coefficients are A, B and I' and the functions are &, 7, X, F, F, and /22

t

u, =0

F,. We write the boundary conditions: 1) the condition at the body (g = Q)

oo n,u+n. v =0,

where n, and n  are functions of n; 2) the condition at the wave (g = 1)

[U,1=-0 or
p+pVil=0 o

[pvv]-o or

2
[h.‘.—vz—v]-o or

where v
tangent to it;

U,: ==V UtV U3

Hv - v‘u+vrv;

v,-uv-D;

~vu+v, v =U__;

Pre Uy, -D)(v,u+v,v)=
P-+ pu(uVm -D)Uv_,;
P(UV-D)- Puvyw;

2 2
h+%—UVD-h_+U;“ -u,.D,

=1v,, v, } is the normal to the shock wave and * =1-v,, v} is the

u-’Can,-—vl’uon'*vzvm;
uVm- yzuw +vae°;

v N-UVN-D.

v

Components v, and v, of the normal are functions of n, F and Fn, but not of Ft'

The wave velocity is a function of the above three variables and also of F

¢

Expressions for v,, v, and D are easily obtained from the shock wave equa-

tion in parametric form

z=t(n)-F(t,n)cosw(n);

Yy, = - s Y, =
z 2 2’ r
\-/zn+rn
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r=F(t,n)sinw(n);
n Zy

\/Z,:-’- rfl ’
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where

Zy= §q+F'mn-m o= F,qcos w3 r',n-Fcos we @t F,I sinw;

2,0y —2,7
D= _‘—ﬂ__lL..vzz“.yrr‘ .
2 2
Zn + r.q
And since
Z,=-F,cosw; r,=F sinw,
then
D ..(-vxcosm +v, sinw),F‘ .
We recall that D is the velocity with which the wave propagates normal to /23

itself, while F, is the velocity at which this wave moves along line 1 = const .

t

We now write the boundary conditions forn =0 and n = g For q =0 we have
the symmetry condition

There are no conditions at n = ng (this is a three-dimensional type line).

We now construct the difference scheme for this problem. We introduce in
region t >0; 0<E<1; 0 <n<n, a grid with lattice spacings At =t Ag = h, =

1/M; an = hy, = n,/L. The difference scheme is written in two stages, First
we assume that B = 0 and write the difference scheme for the equation

9X ,A0% 1.
8t+A8§ +T =0.

We introduce the notation

ftnz, mh, lhz)-f:’l;
' T

x N k4 - ——— g

1% "2Th,

The difference scheme is here written for the four points marked by crosses
in Fig, 4.
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We approximate the derivatives:

. A+l n+l
()™ (e
at m+¥, ! 2%

- A+l B+l n n
(QL""/’ - G(X:H-l -X"‘ )l *B_(Xmé-l—xm)l
2 b

n n)
4 f(xm+l * xm)z

4

m+lé.l 1

where a+g=1;,a,8>0. As is known, this scheme is stableat all the x,.

net t —

n b
m m+4 5
Figure 4.

Substituting these expressions into the differential equation and collecting
like terms, the scheme takes the form

R4y Ln+l n+% _n+l n+ Y me0,1,..., M=1. /2_4

+ = T
may  ma1l  mey ml m+y, 1”7

The functions X (on the upper layer) and F enter the right~hand side of 7 only,
through the coefficieats of matrix A and the free term r, and

a=E+2 aulA; b-E—2au1A.

We have obtained a quasilinear system of difference equations. These equations
are supplemented inside the region by boundary conditions at the body and at the
wave:

for e =0,

n+l n+1
z,1 0,! r,l
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forg =1,

n+l
u_ +(V=)M ; Voo
»

n+l n4l n+l n+l

( ) ) n+l
v, +(vz 1 vM,l i

u = =V
M1 M, ()

ete.
The system of difference equations together with the boundary conditions

yields a complete system for XII::I. We shall solve it by the sweep method,

assuming that the coefficients are known from the bottom layer,

We denote

u'm-l.p‘l.m’ Foom? F3,m2 Faym b

We consider an expression such as “me =8 The boundary condition at the
body (for £ = 0) can always be written as:
ko Xo = 8o

l"'o-lnz,nr, 0, 0}; goxo.
We shall calculate K and 8m in sequence, using equations for XIHL1 (indices
n + 1 and 1 are dropped),

“'mxm' [ P
X X

am+l/2 m+’.+bm+‘/z m-nmq.‘/,.

We assume for simplicity of mathematical manipulations that b is a nonsingular
matrix, Then we find

l"'m(b-la)m-Q-/XﬂM—l"'gmf l“Lm(b-.l )m i

% m+l,  m+Yy
L -1
p'm_*_l‘l)‘m(b a)m.‘,l/"
L ] b_l
Bmar = BmP oy T sy ~8m /25

These two vectors already are coefficients of the expression we need, but in order
to make the sweep stable, they must be normalized. If, however, we calculate p,m+1
using the expression for p ;kn +1° then the vector's components will increase with-
out limit, since it can be shown that matrix b_1 a always has an eigenvalue

whose absolute magnitude is greater than unity. On the other hand, it is easy to
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see that the relationship p* X = gk is equivalent to that which will be
P+l “m+1 ~ Bm+1

obtained by multiplying both sides of the equation by some arbitrary nonzero

number. Hence it is expedient to normalize vector pm H

norm will in some sense always be unity, i.e., to take for "Lm + the expression

¥m 41

bmypy =
ey q

Any norm can be used, but it is most convenient to use the maximum of the abso-

lute value of the components of Ko For 81 Ve get

8
gm+l = :H.l
Ie

I

m+l

In this case p ., and 8+ 2T bounded and the forward sweep is stable.

At the wave we get

B By vl yUy 8y y Py =8y »

since it can be shown that 4. M is always zero. Together with the boundary
conditions this yields a system of equations for XM and D which can be easily
solved by iteration. First, specifying D, we find u, v and p from the system
of equations (subscript M has been dropped):

BB+ oVt g P=g; —v U+v v=U_ ;
, Poo Vyeo (Y M4V, V)4p = p V, U, 4P .

Whereupon we find p and again D:

| - - -
uVon—D D= h * .

PeP=qg, =D’ U, -u

Upon termination of iterations at the wave we have found X and D. Using D we
find Ft’ after which it is possible to find F0*1 by integrating equation g—tf-: =F,;
X

X X, is found by a reverse sweep. We thus obtain a

Mae1? PM=2"" %0

20
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solution at the upper layer on the assumption that the coefficients were determined
for the bottom layer.

In order to be able to implement this scheme of solution, it is necessary that
the sweep be stable, Stability of the sweep in this case is identical with the re-
quirement that the system be well conditioned for Xm' It can be shown that satis-

factory conditionality is determined by the signs of the eigenvalues of matrix A, namely,
that among the eigenvalues of this matrix there should be three negative and one posi-
tive value. This is due to the direction of the characteristic cone and geometrically
can be interpreted as follows: one in the firection of increasing &, and three in

the direction of decreasing £. Since the central characteristic (the particle path)

is a multiple, actually two characteristics are directed toward the body and one
toward the wave. This direction of the characteristics is in agreement with the
number of boundary conditions at the wave and the body. In fact, at the body there

is a single relationship for X, and one characteristic departs from it. At the

wave there actually exist three relationships for X and three characteristics de-

part from the wave,

The difference scheme was written on two assumptions: 1) that the coefficients
of the equations and of the boundary conditions do not depend on X0+l gnd F0*L and
2) that B =0, The first assumption is removed by repeating the solution of the
system, taking now the coefficients from the first iteration. This can also be
done for B. In order to better understand how this is done, we again consider the
particular case of A =0 andr =0:

X ,p3X ..

at * P75y
We first write the implicit system, expressing the derivatives as (Fig. 5):

t n+l n

at ! T
. n+1 n+l n B
(i&.rw/z ) a_(xl_“—x,_ili): IO SURNED ST _
an /, 2h,
Substituting them into the differential equations we get Q’?_
X oxt o 2Pk, —x )™ ax .
R Bt e L PR VPR A PP YINP AN B

We investigate the above scheme for stability by the Fourier method on the
assumption that all the eigenvalues o of matrix B are real (k =1, 2, 3, 4).

21



n+d

~Y

Figure 5,

1_ il
R4 el \an

il
Setting, as usual, X’; - \PXO » Xy we find an expression for

». Eigenvalue »; corresponding to the value of o is written as:

1-1gx,0 sin y

kT l+iox,0; siny

whence it is seen that |*;]< 1if «> ¢, i.e., the scheme will always be stable

for o> 8. For a= g it will be of the second order of accuracy, I « is slightly
greater than g, then it has a second-order residual term with the coefficient

(e —g). All this pertains to a scheme regarded as implicit over the entire layer.

We shall now solve it by iterations and calculate the value of Xn from the above
formula, taking first the terms X‘n in the righthand side at the bottom layer n;

for the next iteration we shall use thelr values from the preceding iteration. In
order to formalize this, we introduce the following notation: let g be the number

of the iteration, and let X ) be the value at the (n + 1)th layer at the qth iteration;

here, if a total of Q iterations is made, then X" Q) is regarded as equal to the
value of X at the (n + 1)th layer X n+(Q)_ X"+l Then our formula takes the form

n+(q) +F‘3(X1+1 "Xl)n}'

D ,n *,B
xu+(q+ -X.— ; to(Xy - X1y )

+
it being assumed here that X (0) is simply Xn, i.e,, that the zeroth iteration is
the preceding layer.,

We now integrate using the formula, We first assume that q = 0, calculate /_2£
+1
x" ( ), then take q = 1, etc, uptoq =Q.
It can be shown that this scheme will still be of the second order of accuracy
for « = g and will be close to it for an « slightly greater than g if ¢ >2. This
means that, starting with the second iteration, the second order of accuracy is

retained, hence not more than two iterations are needed from the point of view of
accuracy.
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We now consider the question of stability. When the equations contained

simply Xn+1, i.e., when the scheme was implicit, it was stable for any ratio

of lattice spacings when « > 8, When, however, the system at the upper layer is solv -
ed by iterations and the computations are stopped at some given iteration, then

we in substance have an entirely different difference scheme, and its stability

must be examined anew.

We again denote X;”'(") = A@eily x : and substitute it into the scheme.

Then upon division by ¢?!¥ , we get
A2 L X2 e x, Bl T 4 p)isiny 1X] .

Since vector X= is different from zero, we can write an equation which ACARY

and A9 will satisfy,
pett(A Tt Y - DE 4 i, (ar? + p)sinyBl = 0.

If it is remembered that matrix B has eigenvalues o;, then the expression for

2{9+1) can be found in terms of the preceding in explicit form

(g+1) . (9)
2 -l—lxzok(alq +B)sinye

Now this expression is used for calculating » corresponding to the Qth iteration
and then the stability condition is checked.

Setting A0 1, we shall find AN1) and A2 and clarify under which con-
ditions the absolute value of A will be smaller than unity., We find

A (1) =1l—-ix,0p siny;
|).(”|2 - l+x§oz sin? vy > 1;
al2) -l--or.xzaisin2 y—ix, 0, sin y;

1-[22) 20 [Qa=1) —a2(x,0, sin y)2 W x,0, sin y) ? &
The value of IX(Z) | will be smaller than unity if

20 ~-1- az(xzok sin v)2_>_0.
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I a>k, then Iy o siny] < V221 or x,lo,] < 22=1, k=1, 2, 3, 4. Since the /29

[+ 2 [+
o), may be different, the stability condition is taken as

t _V2a=1 1
- .
2 b, - @ - max [ o, |
k

x

Without the first multiplier, this would have been Courant's condition for the
explicit scheme, The presence of the multiplier V2a-1/« decreases the per-
missible lattice spacing. As a result, we obtain a condition for the stability of
the difference system at A =0,

Now to construct the complete difference scheme we combine the two above
schemes, writing an implicit sweep scheme in the § direction and an iteration
scheme in the 1 direction, First we introduce the shift operators:

n+(q) n+(q) n4(q) n+(q) n+(q) n+(q)
Sxm.l -xm+l.l’ Txm,l = myl+1’ Ixm,l -Xm,l *
Then the difference scheme can be written as:
r4(g+1) _=n B+ ; n+(g+1) n
S+DX m, 1 -Xm.l)+2xlAm+1/”l(S-I)(aXm’ ; me,l) +
Xo B'H(;-) S | -1 r+(q) n n+(%)
* -E- m+‘é,l( d)(T-T )(de' 1 _+{3Xm,l)+2'rrm+ %9 l -0,
where
g n+(q) n+(g) n n
nt 2 Xm+1,l+xm,l +xm+],l+xm,l
m«}‘é.l 4 g o0 e .

The same scheme, in the form transformed for solution:

n+(2)
2 (g+1)
{(E+2ax | A)S+(E~2ax AN} | X

{3) .

1S+1-26%,A5-D1

myl =

9
x R+~ _
1~ B (%) S+D(T-T ™)
tY,l ™ Yl

mt,,

. +(3)
MAENIR L

n+(q)

m,

(e X
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We first set q = 0, substitute into the coefficients the values of functions /31
from the bottom layer and calculate the first iteration, i.e,, for all the 1 we
find X:+l(l) . F ;”'“) , after which we substitute into the coefficients the value of
»
the first iteration and repeat the sweep again,

We shall examine the stability of the difference scheme. We set

n+(q) (g) itmop+ly) _n

Xm,l =X € Xo.o'

Investigation of its stability for the case of noncommutating A and B is quite dif-

ficult., If A and B commutate (which is not true of gasdynamics), then examination

of the stability shows that the absolute eigenvalue A9 (¢, y) can be greater than

unity in a very narrow range of frequencies (¢, y). To ensure total stability, one @_g

must introduce into the scheme a second difference X': ; with respect to 1, with a
small coefficient, ’

Figures 6 and 7 depict some results obtained using the above scheme.
Figure 6 shows the shapes of shock waves and the sonic curves with the char-
acteristics adjoining to them for the flow past a sphere at Mach numbers Moo

from 1.25 to 4. One's attention is attracted by the change in the location of char-
acteristics on passing from M00 =2 to Moo =4, Figure 7 shows the shape of the

wave and of the sonic line for the flow past a body with a negative curvature seg-
ment at Moo =10, It is interesting to note that the location of the characteristics

here is the same as for a sphere at markedly lower Moo'

4, Calculation of Flow in the Supersonic Region

In the supersonic region one usually deals with an equation with three
variables -

aX aX 3X
A_ - - -
6%+Ban +Ca‘g+I‘ 0

and the solution of the problem which was stated for it is carried out using a
scheme similar to that described above, The basic difference consists in the fact
that vector X here has five components and the solution of equations at the wave is
carried out somewhat differently from the technical point of view. As was noted
previously, the qualitative features of the flow may require in some cases changes
and refinements of the difference scheme, Thus, for example, in axisymmetric
flow past a blunt cone or cylinder the entropy at the body retains the value cor-
responding to a plane shock, I we follow the streamlines we will find that each

of them comes increasingly closer to the body's surface. However, the entropy
at each streamline is constant and depends on the inclination of the shock wave at
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Figure 7.

the point where the latter is intersected by the streamline, Hence the distribution
of the entropy along the normal to the body in the vicinity of the latter repeats its
distribution along the wave, but in a very narrow zone, which results in the
appearance of sharp entropy gradients, which increase continuously as one moves
downstream. To calculate this so-called entropy layer one must take special mea-
sures, for example, make the grid near the body more dense.

Figures 8 and 9 show the distributions of pressure and density as functions of
£ in different sections z = const for a cone with a spherical nose with an apex half-
angle of 150 at M00 =10. Itis seen from Fig. 8 that for z> 25 the pressure distri-

bution is virtually independent of z and coincides with the pressure on the unblunted
cone, At the same time the density distribution (¥ig. 9) follows the entropy varia-

tion, The density maximum (and accordingly the entropy minimum) is attributable

to the nonmonotonicity of the inclination of the shock wave relative to z, arising due
to over-expansion of the flow in the region where the sphere joins the cone,

Depending on the shape of the body and of its nose part, there may be several
density maxima and minima, or there may be none, as in the flow past a cylinder
with a spherically blunted nose at Moo =10 (Figs. 10 and 11)., Figure 11 depicts

the density distribution about the surface of the cylinder as a function of r - 1 (the
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cylinder radius is unity). Here one can clearly see the formation of an asymptotic
density distribution for large z.

In the case of three-dimensional flow the pattern becomes even more compli-
cated by the difference in behavior of the function relative to £ for different V.
Some results of calculations for a blunted cone at M00 = 4 with an apex half-

angle 10° at angles of attack of 5, 10 and 15° are presented in Figs. 12-15. In
particular, one's attention is attracted by the sharp difference in behavior of
the density on the windward and leeward side as early as at a relatively small
distance from the nose (see Fig, 14),

Let us consider several more features peculiar to flow past a cone, The
corresponding system of equations has the form

aX X
A—a—._—"l-C;E-'l-rl‘O.

Investigation shows that it is elliptical at points where the velocity component
normal to the ray g = const , 8 = const has an absolute magnitude smaller than
the speed of sound, and it is hyperbolic when the opposite is true., Further, for
a circular cone at small angles of attack the equations are always elliptical in the
region between the wave and the body, but as the angle of attack is increased
regions of hyperbolicity arise near the wave, and these are due primarily to a
sharp rise in the velocity component w, As was pointed out previously, it is
most convenient to calculate the flow past a conical body by the stabilization
method, for which the existence or nonexistence of regions of hyperbolicity is
inconsequential, However, one must take into account some other features of
the flow, for example, the behavior of the constant-entropy line, As has already
been shown by Ferri, the function S(g, §) in the flow past a circular cone has a
singularity inside the region 0 £<i, 0<d¥<2n. It can be shown in addition that
at the cone surface g—‘z = o and a sharp change in the flow variables occurs near
the surface. This layer with large gradients is usually called the vortex layer.
The existence of singular entropy points and the behavior of the function near the
surface must be taken into account in constructing the computational algorithm,
When this is done it is possible to obtain satisfactory results when calculating
flows with singularities and to also detect a number of fine details, Thus,

Figs. 16 and 17 depict the shapes of shock waves and of constant-entropy curves
for two cases of flow around a circular cone, Figure 16 presents results for

the flow past a cone with apex half-angle § = 25° at angle of attack o = 200 and
Moo =3. Figure 17 is plotted for g=35°, o =100 and Moo =5,

It is emphasized that all the above results pertaining to singularities and

flow details were obtained by a pure difference method, without using any
asymptotic expansions or other analytical methods to account for the singularities,
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METHODS OF SOLVING UNSTEADY PROBLEMS
OF GASDYNAMICS

B.F. D'yachenko

1. Gasdynamic Equations

The state of a continuous medium, be it a liquid or gas, is described by the
distribution in space of various physical variables — the velocity u, density p and
internal energy per unit mass ¢, Usually the pressure p, entropy S, tempera-
ture T, etc. are also used, but all of them are functions of ¢ and ¢, The change
in the state of a continuous medium with time t is described by the known gas-
dynamic equations which, for the case when all the functions depend solely on the
space coordinate x, can be written in the form [1]

aP a"u-0~
at ~ ox !

20 (o) +_u(p+p(e+_))

where p - p(p,¢) is specified. It is useful to clarify the physical meaning of the
system of equations in (1.1). Each equation of this system has the form

apu +¢")(p+ pu ) - 0;
(1. 1)

QJ

a_f_ 8 o
at ~ ax ' (1.2)

where f is the distribution density of mass, momentum or energy, respectively,
while g is the flux density of these same quantities. System of equations (1. 1) is
nothing other than the mathematical expression of the laws of conservation of
mass, momentum and energy. In fact, let us consider in the plane %, t an
infinitesimal rectangle with sides Ax and At (Fig. 1). For definiteness, we shall
consider the mass. Then fax is the mass contained within the 1nterva1A x, while
f Ax —f ax =A,fax is the change in this mass during time At. On the other hand,
g,At is the quant1ty of mass arriving into the interval during this time, and 8,4t is
the quantity of mass departing from it during the same time, i.e., the change in
mass of the interval under study is

8,8t — g, At = —A_gat,

By virtue of the law of conservation the two expressions for the change of
mass should be equal to one another

A, fax =~na_gat.
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Dividing the above equality by axat and letting Ax and At go to zero, we get Eq.
(1.2)i.e., system of equations (1.1).

We shall also use other forms of the
system of equations of gasdynamics. Using
t %, obvious transformations, system (1.1) can
be reduced to the form

dp de  du _ .
5?'*"52’+‘Pax H
au a_u .l_?g = {3
St teax ~0
de de Pdu -0.

at Uiz tPax

<k

(1.3)

HY

Figure 1,
ad
The derivative P in the second of these

equations can be written as

8p_ ap

de
3t “Pogx *Pejx

where pp and p , are partial derivatives of the function p(p, ¢), and then the
system is linear relative to the derivatives of the principal functions p, u and e.

The system of equations in (1.3) is called the Eulerian description, Here x
corresponds to a given point in space. One may transform the expressions to the
so-called Lagrangian description, replacing x by the coordinate s corresponding
to a given mass, a gas "particle. ' It is simplest to do this as follows [2]. The
first of equations (1. 1) is the condition for the expression pdx— pudt to be a total
Hence it is possible to convert from x, t to the new coordinates s,

differential.

t' defined as
ds = pdx — pudt; dt’=dt,

whence /4
1 ~ 9. 9 4,90 _ 9
pax"as’ 3t Thax Ty’

and, dropping the prime of t, we rewrite Eq. (1.3) in the form which we need

)
P, Pzg_u__o;
(1.4)

+ =—— =0;

as

at

u 3P

at

€ au
+Pa—s- =0,

d
at
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The fact that actually represents the mass is seen form the expression

x
$wS, + f pdx,

%

which is valid along t = const, The Eulerian coordinate x of the particle now
becomes the unknown function, defined as

ax_ _
at =™

Finally, we derive still another form of the system of gasdynamic equations —
the characteristic form. We multiply the first of equations (1. 3) by p/ 2 and sub-
tract it from the third, yielding

ot “gzat *Yoax T zox 0.
Equation de - p( P; 2 dp =0 has a solution S(p, e)=const, which is called the entropy.
e

Hence the above equation can be written as

Q_S_+u(_9_s_ -0

at ax : (1.9

Taking further the linear combination of the three equations (1.3) with coefficients

Pp » £p€ and Pe where
€
€= VPt oz 7
we get
ap ap -9u au  _q 1.6)
a—t+(uiC)$ tpC 3t +(uic)ax . (
Equations (1.5) and (1. 6) have the following remarkable property. The /4_3
lefthand side of Eq. (1.5) has the derivative dS/dt, taken in the direction
dx
I " L (1.7)
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It can hence be stated that along line (1.7), which is called a characteristic, we
should have

dS-O. (1'8)

i.e., the entropy is conserved. The lefthand side of Eq. (1.6) contains derivatives
dp/dt and du/dt, taken in the direction

—dx— =UtC.
dt (1.9)
Hence the relationships
dp i pcdu = 0. (1. 10)

must be satisfied along the characteristics (1.9).

For the system of gasdynamic equations one states the Cauchy problem, i.e.,
the solution is known at initial time t = 0 and it is required to find the solution for
t > 0. Below we shall consider some approximate numerical methods for solving
this problem,

2. The Method of Characteristics

The method is based on the property of hyperbolicity of the three equations
of gasdynamics, which consists in the fact that it has three families of real
characteristics (1.7) and (1.9). We describe this method first in the simplest
form, when everywhere S(p, e)=S;=const. In this case Eq. (1. 8) is satisfied
automatically and we need use only Egs.' (1.9) and (1. 10). Let the solution be
known at some collection of points (in particular, initial conditions).

Let us consider some point M1 (Fig. 2) and draw through it a ray (character-

istic (1.9)) in the direction of increasing t:

I—Il u ¢
- + .
t-tl 1 1

The subscript denotes the point where the corresponding quantity is taken, Let
point M2 be the closest to point M1 from the right., We draw through point M2

the characteristic of the second of the families in (1.9)

1~X
2 U, ~Cys
t—t,
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The point of intersection of both rays is denoted by M*, Equations (1.10) should
be satisfied along the characteristics. Replacing the differentials therein by
finite increments, we get

(p. "Pl ) +_91C1(u‘ "‘ul) 'O;

(P° —P,)+ ppcy(u® ~uy)=0,

i.e., a system of algebraic equations for p* and u*. Finally, ¢* and &* are
found from

P(p®s ) =p" S(p%, %) =S,

Thus, knowing the solution at the points M1 and M_, we obtain it at the point M*

2’
corresponding to a higher value of t. And this is so for each pair of points. Then
we get the points M* thus obtained as reference points and make another time

step, etc., up to the necessary times t.

t N
M
M1 Mz

Obviously, we get an approximate solution whose accuracy increases with the
density of the points. The above method is of the first order of accuracy, i.e.,

the error is proportional to the first power of the distance between pairs M1 and

M2 and corresponds to the Euler's method of broken lines for solvingordinary dif-

ferential equations. As for the latter, the accuracy can be improved by recalcu-

lation, i.e., by repeating each cycle of the calculations, faking for the slope of the
characteristics u * ¢ and coefficients p ¢ half the sum of their values in M* and the
initial values. In addition, the values obtained by this recalculation can be used to
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judge to some extent the accuracy of the initial calculation and to take appropriate
measures by adding or dropping computational points.

In order to better explain the substance of the method of characteristics, we
considered the case of §(p, €)sconst. The general case requires some additional
computations, Namely, after the coordinates of M* (Fig. 2) and u* are found, one
should draw through point M* the line

corresponding to Eq. (1.7) up to intersection with segment Mle at point M3
(Fig. 3).

Values of S at points M1 and M2 are used for interpolation to point M3 and

it is assumed by virtue of Eq. (1.8) that
S. -83.
Then p* and ¢°* we found from
P(p®,e*)=p° S(p°,¢")=S",

As before, the results can be improved by recalculation.

3. Discontinuous Solu@ions

The above computational processes cannot be always extended over a suf-
ficient time, This is not due to shortcomings of the method of characteristics,
but due to nonlinearity of gasdynamic equations, as a result of which the char-
acteristics of one family touch or intersect at some time instant [2], The manner
in which such a singularity can occur in the solution is shown using the simple

quasilinear equation

au _y 9% Lo,
ot~ ox

This equation is solved simply. Along characteristic

dx .y
dt

one must satisfy
du

dt !
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t M* i.e., u=1u, =const along straight line x=x_, -

0 0

uOt. Let the initial conditions be such that at

some segment uw(0, x) =x. It is easy to see
X Mg that all the characteristics originating at points
3 of this segment intersect at point x =0, t = 1.
1 Each characteristic contributes its value and the
solution is no longer unique; an arbitrary discon~
tinuity occurs, since the initial conditions outside
Figure 3. of the above segment are arbitrary.

Precisely the same effect can be observed
in solutions of the system of gasdynamic equa-
tions, But the latter describes an actual physical process which cannot somehow
cease at a certain instant, The way out of this situation is shown by physical ex-
periments. It is necessary to introduce discontinuous solutions, i.e., one must
assume that values of p, u and & may be discontinuous at some curves x = x(t).
Obviously, the differential equations are meaningless at these curves and should
be replaced by other relationships, reflecting the same laws of conservation of
mass, momentum and energy.

As in Sec. 1, we consider an infinitesimal rectangle with sides ax and at.
Let the discontinuity line intersect this rectangle diagonally (Fig. 4). Denoting
again the distribution density of some quantity by f and the flux density by g and
repeating the considerations of Sec. 1, we get

(f,-fax=(g; -g)at.

We divide the above expression by‘Al and let the latter approach zero. We get
(f,-f, D=(a,-8, )

where

. dx
at

is the rate of propagation of the discontinuity.

Replacing f and g by their expressions and denoting the differences of the cor-
responding quantities for both sides of the discontinuity by brackets, we write
the needed conditions on the discontinuity

{elD=(pul; 3.1)
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Let us now see how the method of characteristics
Figure 4. changes in the presence of discontinuous solutions, In

addition to the three families of characteristics with

relationships holding on them, we now have discontinuity
lines along which Eq, (3.1) should be satisfied, The latter contain seven quantities:
ps ¥, e to the left and p, u, e to the right of the discontinuity, and D, the rate of
propagation of the discontinuity. For determining these unknowns we have the
three equations (3.1). The four additional relations needed should be supplied by
characteristics "arriving' at the discontinuity line, Hence a discontinuous solution
satisfying Egs. (3.1) can exist only in the case when precisely four characteristics
arrive at the discontinuity line, This condition is equivalent to the known thermo-
dynamic condition that the entropy cannot decrease and it will subsequently be re-
garded as satisfied,

There are two types of lines of discontinuity — shock waves and contact dis-
continuities. The former are typified by the fact that of the four characteristics
arriving at the shock three do so from one side and the fourth from the other. In
the latter case two characteristics arrive from each side and the conditions at the
discontinuity degenerate into

[u] =[pl=0; u=D,

i.e., the contact discontinuity propagates along the characteristic,

We can now retfurn to the problem mentioned at the beginning, on extending the
solution to the case of an arbitrary discontinuity,

4, The Break-Up of an Arbitrary Discontinuity

At some time t = 0 let the solution have an arbitrary discontinuity at point
x =0, Since we must find a solution in the immediate vicinity of the coordinate
origin (more precisely, the asymptotics of the solution as t + 0, x+0), it suffices
to consider the case of piecewise constant initial conditions [1, 2, 6]

P LU, &7 for X <O0; (4.1)
P+, ut, ¢t for x> 0.
The gasdynamics equations with initial conditions (4, 1) can be solved as a /48

function of x/t«& We use the characteristic form of Eqs. (1.5) and convert from
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X, t to variable g, We get a system of ordinary differential equations

. dS .
(u—g)zg-o,

ey du) 0
1§ TV g)(dg+pcd—§- =-0;

d d
(W=c- (—p- c—“) -0.
E) FEAS T J

N

(4.2)

The initial conditions (4.1) now become the boundary conditions

(p,ll,e) "(Pt ’ utv st)

for £ » 1. (4.3)
The fact that a boundary-value problem is stated for Egs. (4.2), which form a
first-order system should not seem strange, since we are not restricted here to
continuous solutions. Possible discontinuities should as before satisfy conditions
(3.1), where D denotes the value of & at which the discontinuity occurs. The
discontinuity should satisfy not only condition (3. 1) but also the correctness con-
dition, whereby four characteristics must arrive at the discontinuity, As we
remember, we have three families of characteristics, the slopes of which are
u-c, uandu +c, respectively. Depending on the number of characteristics
arriving from right and left, we distinguish three types of discontinuity. For a
shock wave of the first type three characteristics arrive from the left and one from
the right, This means that

D<(u—c)y<MU,<Hy+Cy; }

(W)« Dty <My G (4.4)

The next case is the contact discontinuity in which u and p are continuous and

ul—c1<D =Wy <U;+Cy;

U, ~c, <u =D<u, +¢..

T r

Finally, if we have a shock wave of the second type, one characteristic arrives
from the left and three from the right:

Uy=cyp<u,;<D<u;+cy;
Mo—C <M <u +c, <D

We turn to continuous solutions and classify them similarly. System of [f_lf_)_
equations (4.2) is homogeneous with respect to the derivatives and, consequently,

43



will have a nontrivial solution only if its determinant is zero. The latter can oceur
in only three cases, The first is that of (u~g) = 0, when dS # 0 and dp = du,
This is the previously considered case of a contact discontinuity, Further,

U-C=§ (4. 5)
and here
ds - 0; (4. 6)
dp + pcdu =0.

The solution satisfying Eqs. (4.5) and (4. 6) will be termed a rarefaction wave of
the first type.

Finally, a rarefraction wave of the second type is obtained when
H+C =E

and

ds =0;
dp - pcdu = 0.

Our problem is to construct a solution over the interval —~<g <+~ satisfying
boundary conditions (4.3), using the above types of solutions as well as the
trivial solutions p, ¥, e = const of system of equations (4. 2).

The analysis henceforth is carried out in the
P, U, e space (Fig. 5)., We have the point
a~{p ,u ,e ). What points of the space can be
reached from it traveling with a rarefaction wave
/ﬁ of the first type? Obviously, these points form a
- curve satisfying Eq. (4.6) and passing through a ,
-~ Variable § is a parameter along this curve and
is defined by Eq. (4.5). At the point proper
P 87E =g =t ~¢~. Hence we may start moving from
thispoint only when € = ¢~ , obviously, in the direc-
tion of increasing g, using the frivial solution
(e U, )=(p,u, )~ over the segment —w<g<c™. The
curve thus obtained is denoted by Al’ Let us now

Figure 5., consider points which can be reached from a~ by
traveling with a shock wave of the first type.

Conditions (3. 1) at the discontinuity together

with Eqs. (4.4) define the curve along which D is
a parameter, This curve passes through a~, since the discontinuity may also be
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infinitesimal, Here, since
,-¢c, <D<u,~c¢c,,

then D at point a~ is equal to 4 -¢ =£ and decreases along the aforementioned
curve, which is denoted by Bl‘ It is easy to show that A1 and B1 have a second-

order tangency at point a=, Thus, using solutions of the first type we can travel
from point a— to any point ay of curve A1 + Bl’ using the trivial solution

(psu, e) = (p,u, &)~ oOvVer segment —=<E<E Or ~w<g < D. The set of
points A1 + B1 cannot be expanded using solutions of the first type. In fact, let

us, moving along curve Al’ reach point a, i.e,, let us construct the solution to
E=E; =U;—C;. It is no longer possible to travel from ay to some point with a

shock wave of the first type since, by virtue of Egs. (4.4), this has to be done at
E=D <u;~c)=g;. Similar deliberation shows that one cannot move out from

B1 using solutions of the first type.

Further, drawing through each point a, of curve A1 + B1 the lines
P = const; U = const,

we get a surface whose points can be reached from ay using the contact discontinui-

ty at E; =¥;. This can be done since Ey=U; >~ C1=E; when a;C Ay and Ey=uy>D
when a;C B,

Finally, we draw through each point of the surface thus obtained rarefraction
waves of the second type in the direotion of increasing g = 4 +¢, and lines cor-
responding to shock waves of the second type in the other direction, All the
problems which arise in the process are solved similarly to those above and we
find that for any point a*( p* , u*, ¥ ) the solution is generally obtained in three
stages, i.e., the solution has the following form: a contact discontinuity on each
side of which there is either one shock wave or one rarefaction wave, At seg-
ments between the contact discontinuity and the waves, as well as at the edges
(E ++=)we have p, U, € = const, Formulas giving the solution of the problem can
be written for each specific form of function p = p(p, €).

5. The 8. K. Godunov Method

Using the solution to the problem of break-up of an arbitrary discontinuity,
one can construct the following original numerical method [6].

The x axis is broken up into short intervals Ax and the initial conditions at
each such interval are replaced by constants, i.e., the functions are approximated
by piecewise-constant functions. At the junction of each pair of intervals one
must solve the problem of break-up of an arbitrary discontinuity, and when this
solution is obtained one can obtain p(x), u (x) and e(x) at t=at for each pair of
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intervals. The time step ot is selected so small that the solutions obtained for
each two adjoining junctions do not interact. To carry out the following time step
one must again have piecewise constant functions at layer t=at. This requires
that the solution be somewhat averaged over intervals At, This can be done most
naturally by conserving the mass, momentum and energy at each interval, i, e.,
by finding new average p, u, & from the formulas

5 =L [odx;
P Axfpdx,
PE = 4% [ euds;

2
P(e,:" ‘—2—> Y- fPG+9dI:

where integration is carried out over each given interval,

In regions where the solution is smooth the values of p, 2, e for adjoining
intervals differ little from one another and hence the formulas utilizing the
solution of break-up of a discontinuity can be approximately replaced by simpler
expressions. The latter can be obtained by carrying out a power series expansion
of the former in ¢* — ¢~, etc., and retaining the principal terms. The smooth-
ness regions here are defined as those where the pressure gradient, for example,
is smaller than some value,

Under the above method shock waves are not computed separately, but are
rather calculated in the form of narrow zones (with a width of several compu-
tational intervals) with large variable gradients. This method has its variation in
which the shock wave is not "smeared out. "

6. Difference Methods

There exists an extensive class of numerical methods of solution of differential
equations which, by virtue of the method by which they are obtained, are called
finite-difference or simply difference methods. They are constructed in general
as follows, Firstly, a computational grid is selected, i.e., one selects points /5

X t" at which the unknown functions (pZ, ete, ) are to be computed. Secondly, the
derivatives contained in the equations are replaced by finite differences. This
yields a system of algebraic difference equations for the unknown P: , ete., in
which the grid-mesh spacings serve as parameters. And thirdly, if it is necessary,
an algorithm for solving the algebraic system thus obtained is worked out,

All the difference methods are approximate, yielding a solution with some
error, It is of principal importance to know whether this error can be made as
small as desired and whether the solution of the difference equations converges to
the exact solution as the lattice spacings are reduced.
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The theory of difference methods is as yet the theory of linear difference
methods for solving linear differential equations, We shall show schematically
how this theory treats the problem of convergence [4, 5],

It is required to solve the problem
LU - F, (6.1)

where L is a linear operator, U is the sought solution and F are known functions

(initial conditions, etc.). Problem (6. 1) cannot be solved, i,e,, operator L-1 is
unknown and hence, instead of (6.1), we solve the problem

Lhuh -Fll’ (6.2)

where h is some variable (usually the lattice spacing). In order that Uy - U as h -+ 0
one must satisfy the two following conditions.

Firstly it is required that Eq. (6.2) approximate Eq. (6.1), i.e.,
Lhu - LU; Fh - F for B -0,

and secondly, that operator L}_l1 be uniformly bounded over h, i.e., that the dif-

ference method be, so to speak, stable,

In fact,

- -1
Uy -U=L3 LU, ) =13 (LU, ~LU+LU - L, U) -
-1 .

Since both the differences in parentheses approach zero ash - g, and operator L—1 is
bounded, then U, ~U-+0 as h - 0. The above delibration obviously does not /53
prove the convergence theorem, since we have not defined the classes of functions

acted upon by operators, we have not defined the norm used for estimating func-

tions, ete.

We now describe some difference schemes, We return to the system of equa-
tions in the form of (1.4), written in Lagrangian coordinates.” Due to the specific
form of the system, we can construct for it the following difference scheme,

K t™ and be denoted PI:'» e: . Here
Sty S=h t*+l-t?ar, Velocity u will be calculated at points S,ay=Sp+ h/2,

Quantities p and e will be calculated at points s
+%

3
t" A on +1/2. In this "checked" grid, system of equations (1.4) is replaced
naturally by the difference scheme (the "cross' sclieme):
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3
3 n+ Yy
t_.‘ni-l_‘:,n u:"‘/’-—uk .
k k,;.n\2 * 4 -%
_—(p, ) —I — 7 20
T k h ’
""'_,'/z _gtt% pn+l pn_+1
3 e - .
k+% k+l/’+ k+1 k_ - 0: (6.3)
s h ’ [
Bty n+i
+1_ u -u
ep —°% . on k*t% k=Y
‘—T‘*‘*‘Pk h =0, J

The fact that Eqs, (6.3) approximate Eqs. (1.4) is obvious. We now consider

the question of stability of Eqs. (6.3), more precisely, of this system's linear
model. The latter is obtained by regarding coefficients p2 in the first and p in

the third of the equations constant, and by replacing the difference ap in the second
equation by p pbP +P g8 e with constant P, and P¢. The linear system, thus ob-

y - n¥Y

+Y )
, &® into pR+l, y' % gn+l,

tained is a linear operator, transforming p”® wu ?
We denote it by L;,l . We now must estimate the norm of the operator transform-

ing the initial conditions (t = 0) into a solution at some given finite time (for
example, t = 1). Obviously, it is equal to the norm of operator L'ftl to power 1/t

-1
and we will have stability if the norm of L.c is smaller than or equal to unity. The __/_5:1
latter is estimated as the maximum absolute value of the operator's eigenvalues.

-1 .
The eigenvalue of operator L . is
ike
ik
uy =uge'"® (6.4)
ko

€ = GOC i
with arbitrary ¢.

We denote the eigenvalues by » and substitute Eqs. (6.4) into Eqs. (6, 3),
upon linearization of the latter. Dropping the indices of coefficients, we get

i iy

2 -7
A=1 4 By
T%*Pz‘———h-*"* g =0;
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ip. i i i@
2

A-1 (2 [ (4 -€

Yy 2 pp h Po *Pe %) =0
(- i
2 2

A-1 e -€

= S+ P - B ug =0.

This system has the nontrivial solution pys ¥, €, if its determinant is equal to
zero, i.e.,

P
A1 22!sm-§ 0
3 e h
2iain 2 Zising
2 M1
A ——= =0.
P, - M — 0
in
0 2ism2 —)‘_1
p h <

whereby it is easily found that one eigenvalue is equal to unity and the two others
are found from

L
A

2

M+ /55

|31 s

5 4 %2 2.2 .
-2_4’.l_§.p C” sin . (6.5)
If A=, satisfies this equation, then *» = 1/3, also satisfies it. Also, if [*y] <1,
then l)% I >1. Hence, the only suitable case for our purposes is || = 1, i.e.,

. Mo
Ar=e’®. Substituting this expression in Eq. (6.5), we have

2142 2.2 .29
cosSO =] — hE p € an -
Consequently, | »| = 1, if the latter expression is real and is contained between
-1 and +1, This yields the stability condition
T ec<l. (6.6)

]

Obviously, the above scheme and its examination have meaning only for
smooth solutions. To calculate discontinuous solutions the method should be
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changed to make allowance for relationships on the shock wave. However,
difference schemes for calculating flows with shock waves may be constructed
also in a different way.

7. Smearing Out of Shock Waves

As is known, discontinuous solutions of a system of equations can be regarded
as the limit of smooth solutions of another, distrubed system, as the disturbing
variable approaches zero. The system of gasdynamic equations presented in Sec. 1
makes no allowance for various dissipative effects — viscosity, heat conduction,
etc. Hence, the natural way of introducing these disturbances into the system is
to make an allowance for these effects, the viscosity, for example, But the
actual physical viscosity is, as a rule, extremely small, so that the smooth solu-
tion obtained by using it can be practically regarded as smooth, i,e., the width
of the zone of smearing out of the shock wave is found to be too narrow and anexceed-
ingly fine lattice spacing is needed for calculations. However, the width of this zone
can be increased artificially, by taking a sufficiently large viscosity coefficient.

Formally the introduction of viscosity involves replacing p in the equations by
OI=P+q, where q is the viscosity. Von Neumann suggested that this be done in
the form [3, 4]

- a2 k2 au\?
- a'we(2)

for 59_511 < 0 and q = 0 in the opposite case, Here a is a constant and h is the lattice /56

—

spacing of the difference grid.

Let us see how much viscosity smears out a shock wave moving at constant
velocity D (the solution to the left and right of the discontinuity is constant).

The system of equations has the form

dp  29u ) Ju . 9l .
5P as "0 Grtas =0
\ (7.1)
de oun 2,2 [fou
—_— H——- : H- —_— .
at *gs =0 p*“hp(as)

We seek the solution in the form of a function of

E_, = S-Dtc

Transforming from s, t to §, we get instead of Eqs, (7.1) the system
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~Dp"+¢?u’=0; ~Du"+10°=0; -De’+0u"=0;
b= p+a’h?p(u)?.

Integration of the first three equations yields

%+u-C1; W

-Du+n-C2= (7.2)

2
-De +‘C2u +D l—’-z— =-Cy

n-p+a2th(u')2 ’

where Cl’ 02 and C3 are constant, It can be shown that the constants (p,u, s)l
and (p,u, e)r, equal to the values to the left and right of the shock wave, satisfy
Egs. (7.2).

Eliminating ¢ and ¢ from Egs. (7.2), we get an expression for u(g), inte-
gration of which from &1 to Er, corresponding to yoru, yields the width El—

Er of the smearing out zone and the solution for El <E< f;r. Thus, if p=(y=D e e,

then
Er "'51 -RN’Yfl 'dh,

i.e., the wave is smeared out over a given number of lattice spacings of the dif-
ference grid.

It is very important that the width of the smearing out zone not depend on the
specific values of the quantities to the left and right of the shock wave and on the
latter's velocity.

A 'cross' type system such as given by Eqgs. (6.3) can also be constructed

for the system with viscosity (7.1), replacing II'I: by the expression

n—-Y n—'/’)Z

n n 2 n
Ilk-pk-i-a pk(uk+z— uk_%

This viscosity can manifest itself only in the shock wave region, where its
role is predominant. It can be said that the shock wave is smeared out because
the equations in this zone are parabolic in nature and the process is qualitatively
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determined by the equation
2
a—-u + a—'q - . q - az th (a~u) . (7. 4)

Hence in order to find stability conditions, we restrict ourselves to considera-
tion, in difference equations (6.3) and (7. 3), of terms corresponding to Eq. (7.4).
Linearizing the equation, we get instead of Eq. (7.4)

. L
F-ALe

2,2 |ou
5 0, A-Zahplg

Reverting to the difference analog of the latter equations (in accordance with Eqgs.
(6.3) and (7. 3)), we consider, as before, the question of stability using eigen-
functions, We get for » the expression

_ —ig
A—-1 , & =2+e
T -A 2
]
Consequently, |»| <1, if
A . 1
nz 7

or, substituting the expression of A and replacing % by 1 au, we get the stability

condition h

4a291Au|~; <1. 7.5)

8. Implicit Schemes

The above difference scheme is classified as the so-called explicit scheme,
In it the unknown quantities of the upper (n + 1)th layer are explicitly expressed in
terms of quantities of the bottom nth layer. They are also called local schemes,
since in using them for calculating the unknown p l’: +1  etc., one need only know

the values of p]': , ete,, at the closest two or three points. For this reason all the

local schemes are stable only for a given lattice ratio spacing, since the grid points
used should cover the dependence domain of the point, where the values of the func-
tion are ealculated. The main advantages of the explicit, local schemes is their
logical simplicity and the small volume of computation formulas of all the schemes.
However, this does not always result in a minimum volume of computations. For
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example, if we select a three~dimensional lattice spacing from accuracy considera~
tions, then the time step required by stability conditions is frequently much smaller
than accuracy requires. It is hence natural to try to remove the limitations imposed
on the lattice spacing by stability conditions. This is obtained implicit schemes,
which shall now be considered [4-7].

Stability condition (7. 5) appears as the result of the local method of replacing
the differential expression contained in the viscosity with its difference counter-

part. Hence we now replace (;Lsu contained in q, using the difference on the upper

layer. Namely, we write instead of (7.3) the expression

n-Y n—Y n+y n+Yy
n n 2 n 2 2 (] 2
L =p +a pk(uk+l/’-uk_%)(uk+,/z —uk_%). (8.1)

In this way we get a system of linear algebraic equations for determining all the

un+3/ 2. The characteristic form of this system, consisting in the fact that each

. . . n+Y  om+l n+Y
equation contains only three consecutive values u ! s U
k-3 k+y k+¥

possible to use the quite effective sweep method for solving it. The substance of
this method consists in the following. We write each equation of the system in
the form

. Mmakes it

A -0, (8.2)

k+z"k_z'*Bk+z“k+z+ck+z"k+d4+vk+z

where A, B, C and D are known quantities and the superscript n + 3/2 has been

dropped. Let the unknown uk " uk+ y be related by the expression
-y 2

u

k_z-xkuk+'/,+yk' (8.3)

Eliminating U _1/9 from Eqgs. (8.2) and (8. 3), we get

+
Ck +Y Dk+‘/, Ak+‘/,yk
u g - (8.4)
k+y A x;+B k+y A x,+B
Eey Rk ey k +Y, k+y,
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Equation (8. 4) can be written in the form of (8. 3) by setting

C

k+Yy
Tra1 =g ;
x,+B
E+y kT Thay (8.5)
Dk+',;+Ak+‘/,yk
Yeer = 7F x,+B ’
k+y K kay

but we take k larger by unity. Thus, if we write the left boundary condition in

the form of Eq. (8.3), then recurrent formulas (8. 5) can be used for eliminating

in sequence all the u from the system and obtaining Eq. (8. 3) for the extreme

right values of u. Solving the latter together with the relationship expressing the
right boundary condition, we get the value of u at the right edge of the computational
region, Then, since all the Xy and ¥ are known, all the u are found in sequence

from Eq. (8.3).

Investigating the difference scheme thus obtained for stability, we will get,
as in the preceding section, for the eigenvalue 2 the expression

A—- -—
1 g8 =2+
T h2

(see Eqgs. (7.4) and (8. 1)), whence

~1
A= [1+2TA(1—cos<p):l R
h2

i.e., |>| < 1 for all the ¢ and, consequently, the second of the stability conditions
(7. 5) can be removed from the above computational scheme.

One may take another step and remove the first stability condition (6. 6), using

completely the implicit scheme. For our system (7.1) of equations with viscosity, /g¢
one can suggest the following scheme: -
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u+1 n+l 3
":H' Pk 2 “is Y k-
n+l n n+1 n+l1
k+%y k+y II’c+l nk 0-
T h =Y
8.6
: 41 _n+l / (8.6)
n+l_ en % ‘4— X
13 k n + -~ % .
T +ul¢ h =0;
n+1 +1
ul‘ _p: "“’291‘( n un un+l_un+1 )e )
BeY k=Y key  k-Yy J

The above system of difference equations can also be solved by the sweep
method, first replacing them with a linear system. If it is assumed that

1
P:+ s ::2. P"+l sare the unknowns, then nonlinearity will exist only due to

presence of the term AL Replacing p=pp, &) by an equation of state in the

k
form e= e(p, p), We express ez*‘l as

ep e e e (e )R = PP (e )P (e F1m T ) L ®.7)

The system of equations in (8. 6) and (8 7) is linear. Replacing p" +1 and p

with their expressions in terms of " (the first and third of equatmns (8.6) and
(8.7)), we get difference equations of the form of (8.2), which can be solved by
the sweep method.

The stability of the above implicit difference scheme for any ratio of lattice
spacings -t and h can be established by the usual method.

9. Two-Dimensional Schemes

We now consider methods of calculating two-dimensional gasdynamic problems,
i.e., problems with two space variables. Many of the one-dimensional methods /61
can be generalized more or less obviously to include the two~-dimensional case, -
and this is also true of the smearing out of shock waves. We shall not consider
here the two-dimensional versions of various known schemes, but shall rather
consider problems typical of two-dimensional (and, in general, of multidimensional)
problems,
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In one~dimensional problems the computational region is always a straight-
line segment (segment of the x or s axis). I two-dimensional problems this re-
gion may be of many forms., Hence, if we do not wish to consider the quite
complicated questions of approximation of boundaries and boundary conditions in
a specified rectangular difference grid, we must carry out calculations in curvi-
linear coordinates, mapping the computational region onto a rectangle. Here the
space variables x and y become functions of new coordinates, which are denoted
by o and g, and of time t if the coordinate system moves, By virtue of the same
fact, the substitution of variables imposes limitations on the difference grid, i.e.,
functions x(«, g, t) and y(«, g, t) should not vary sharply, since otherwise the com-
putational accuracy will suffer.

Many problems can be computed in Lagrangian coordinates, i.e., by
specifying ¥ = x(x,8,0) and y=y(«,8,0) one finds x and y from the expressions

X dy
—_— -l —— mD
at ~ M T Y

where u and v are components of the velocity vector along x and y, respectively.
However, unlike the one-dimensional case, two points @38} and «,8,, initially
close to one another and hence having close Lagrangian coordinates, may find
themselves quite removed after time has elapsed. This, for example, occurs for
points situated in the vicinity of a contact discontinuity, along which slip of one
gas layer relative to another is possible, If the irregularity in mass motion re-
duces to this slip, then the so-called Eulerian-Lagrangian coordinates are satis-
factory. These are introduced as follows.

Let o be a Lagrangian and g8 be an Eulerian coordinate and equal for sim-
plicity to vy,

Tmx(x,B,t°) y=p8; t=t".

The region is initially subdivided into layers with o = const and each such layer
retains its o coordinate in time which is the fact making the coordinate «
Lagrangian,

We introduce an expression for finding x(«,8,t). We represent in Fig. 6 the
line o =« 0 at two close times t and t + At. The gas particle will travel

during time at from point M1 to Mz. Vector M1M2 is defined as uat, vat. Since

points M1 and M,, correspond to a, @) during different time instants, ;?r'Al is the

2

distance between M1 and M3. Since the slope of the lines o = oy is defined as

%%— » it is easy to obtain

ox ax
LAt = UALt -~ VAL L=
at ag
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or

.a_x_.'.va_x =y
at’ ap

i.e., an equation for finding x{«,8,t”). and consequently also of X, and x g

which will enter the coefficients of the system of equations after substitution of
variables,

The above example shows that frequently the question of selecting a coordinate
system is far from being the most trivial of all the questions in constructing a
numerical method.

Figure 6. Figure 7,

Below we shall present two methods in which the problem of the difference
grid is partially or totally removed, while the advantages of the Lagrangian
coordinate system are retained.

We write the system of gasdynamics equations in the form [1]

) \ /63

de M gu ;
&—t—+p(a—x+a—y— =0;

du 19 0:

dt "foax "’ ©.1)
(1_U+l‘2£_ . ?

t Poay i
' 2 02 9p¥ 3 gpv

daf  u+v 1777 19pV

T G 2>+Px+Py 0.}

d_28 .43 ,,9 ; ivati -
where it "ot +UST AV 3y is a derivative along the particle path.
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Harlow [8] suggested the following original computational method. The space
to be computed is subdivided in the x, y plane by a rectangular mesh (Fig. 7).
Some (usually small) number of gas particles is contained in each mesh cell.
The mass of each particle is prescribed, Density ¢ in a given cell is defined as
the ratio of the total mass of particles of this cell to the volume (area) of the cell,
In addition, velocities u and v and the internal energy e are defined for each cell.
Since the law of conservation of mass is satisfied automatically, the first of
equations (9. 1) is not used., Using the remaining three of equations (9. 1) we
naturally find new (not fmal)Ava.lues u v, e. For example, g_tu_ is replaced by

!Z_t— and _p is replaced by ——?p , where aA,p is the difference in the p of right and

left cells and Ax is the mesh spacmg The remaining terms of Egs. (9.1) are
treated similarly, From the u,V, e obtained we calculate the total momentum

- - . B2, 32
Mu, Mv of the cell (M is the cell mass) and the total energy M (e+ uz_; v ) . Then

new coordinates x+iat, y+vat of each particle are found, If then the particle
moves into the neighboring cell, it takes with it its portion of mass, momentum
and energy. Then the mass, momentum and total energy of each cell are recalcu-
lated and these are used for obtaining new, final values of ¢, ¥, v and e.

We have described the substance of Harlow's method without dwelling on its
variations (for example, for the case of a mixture of two gases). Results obtained
by this method show that it is universal and reliable in spite of the fact that it does LG_@
not have a rigorous theoretical basis.

In closing we consider still another method of particles [9], We shall dispense
with any regular computational grid and assume that the values of unknown functions
p, ¥, v, & are calculated at some points x, t, i.e., gas particles, located at the
given time t arbitrarily in the x, y plane., In order to obtain a method for calcu-
lating the x, t, ¢4 ¥, V, & of each particle during the next time instant t +at,. we
proceed as follows. Since at is small, the coefficients of the system of equations
for this time interval will change little and in the vicinity of the given particle
they can be regarded as constant, Consequently, to obtain an approximate solution
the system can be replaced by a linear system. For a linear hyperbolic system
with constant coefficients one may write formulas expressing the values of
functions, i.e., the solutions at time t + At in terms of integrals of these functions
at time t (similar to the Poisson formula for the wave equation). Using adjacent
(at the given time) points (''particles') as reference points for interpolation of the
integrands %, v, p, &, one may obtain the given quadrature formulas. The latter
are the difference formulas needed by us, yielding the values at t+At, The new
values of coordinates of the particles are obtained as x +uat, y +vat.

A problem of some importance in this method is that of finding a good means
of selecting "adjacent' points: what points should be used for computing the given
"point and what points should not be used. But this question is not discussed here.
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THE "DECOMPOSITION" METHOD IN SOLVING PROBLEMS
OF MATHEMATICAL PHYSICS

G. I, Marchuk

A difference scheme must satisfy not only the ordinary approximation and
stability requirements, but a number of additional requirements such as economy,
high accuracy, divergence, etc, Hence construction of difference schemes on the
basis of ordinary homogeneous approximations has involved various difficulties
which have been resolved by using the method of small steps, utilizing inhomo-
geneous approximation,

The first results in this direction were obtained by Peaceman, Rachford and
Douglas [1-3]. Subsequently these results were developed and enlarged upon in
depth in [4-8]. All this work is based on the Peaceman, Rachford and Douglas
schemes (alternating direction methods (ADM) and the Douglas-Rachford stabi~
lizing correction method). These methods require approximation of the differential
equation either at each small step (alternating direction method), or at the first
small step with subsequent stability correction (stabilizing correction method).

A large number of studies by American workers is concerned with optimal
selection of parameters of iteration schemes [9-11] and with obtaining difference
schemes of a higher order of accuracy [12],

Investigations by Soviet workers are based on decomposition of complex
operators into simpler ones, Under this approach integration of a given equation
reduces to successive integration of equations with a simpler structure. Here the
small-steps schemes need satisfy the approximation and stability conditions only
in the final result. This allows for flexible construction of schemes for substan-
tially all the principal equations of mathematical physics.

One of the first works in this direction was devoted to application of the de-
composition method to problems of multi-dimensional hydrodynamics, in which
explicit decomposition schemes were used.

Yanenko [14] suggested a method of small steps based on breaking up of the
multidimensional heat conduction equation into a sequence of elementary one-
dinilension]al equations, The method of small steps was further developed
in 115-17],

A sequence of studies was carried out by Samarskiy in conjunction with investi-
gation of locally one-dimensional schemes, which is closely related to the decom-
position method. He also considered schemes of higher order of accuracy for heat
conduction equations. Special methods of a priori estimates were developed by him
for the study of convergence [18-21], -
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An algorithm for constructing an implicit scheme of difference equations with
a factored matrix was given in [22]. Yanenko [231] pointed out a method for
augmenting the local difference operator to a factored operator (approximate
factoring of the difference operator).

D'yakonov [24-26] formulated a method for constructing schemes with de-
composable (factored) upper operator for parabolic and hyperbolic type equa-
tions.

Decomposition methods for approximate integration of irregular systems in
dynamic meteorology (weather forecasting problems) were suggested in [27-29].

Decomposition methods were found quite effective in solving multi-dimensional
kir}etic Boltzmann equations [30-31], equations of the theory of elasticity [32-
34/, ete.

It was found possible to treat the decomposition method as a method of weak
approximation, which allowed one to use it for investigation of the Cauchy problem
for correctness.

Experience accumulated in solving complex problems of mathematical physics
by decomposition methods shows that they are effective and universal. Various
aspects of the decomposition method are presented below,

1. Methods of Decomposition of Steady-State Problems

We consider the steady-state problem
Ao = f, (1.1)

where A is some operator (we assume for simplicity that it is linear and symmetri~ /68
cal), f is a known function, and ¢ is the sought solution. It is assumed that the -
domains of definition of given functions f and ¢ are in real vector space with a

scalar product and corresponding norm,

We construct the relaxation process
¢/ aol ~x(ae’ -1, (1.2)

where t© is an arbitrary relaxation variable, The iteration process is now written
in the form

j+1 j .
LA S (1.3)

It is easy to see that if iteration (1. 3) converges, then the limiting element ¢
is a solution of problem (1, 1). The identity transform of Egs. (1.2) and (1.3) is
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1 .
et wTel 4o,
where T is an operator with step
T-.E— TA.

In order for iteration (1.2) to converge it suffices that the norm of operator T
satisfy the condition

HTH < 1.

In many cases it is possible to select T so as to obtain the optimal convergence of
the process.

We now consider the more general iteration process

¢P’+l"' J

B LAY L (1.4)

T

where B as yet is an arbitrary operator. I we define it as B =tA, then by means
of a single iteration we get the exact solution of the problem

j+l _ A’lf.

?

However, determination of 471 is no easier than solution of Eq. (1.1), meaning
that this generality in constructing the iteration process is useless here.

We consider a particular case of operator B

n A 3
B- 1 (E+_°‘A),
1 2 ¢

[- & ]

where Aa are some arbitrary operators of a structure simpler than A, while T

are arbitrary constants, Then iteration process (1.4) takes the form

n T ¢1+1_‘pi i
c‘1i1(1~:+7"‘Aa)———T +hg’ =f, (1.5)
If
n
A= I Au.’
am= ]
A=A, (a=1,2,...,n),
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we arrive at a special form of the universal algorithm

n < j¥r _ 7 n . 1.6
i (E+'§Aa>$_‘f_¢—+ z Aacp]-f. (1.6) ¢ )
am]l GQm]

We note that iteration process (1.6) has n + 1 arbitrary constants Tjs Tgs «ves Tor T
which can be expressed in such a manner that the iteration process will converge
most rapidly, System of equations (1. 6) was regarded by Douglas and Gunn,
Samarskiy, D'yvakonov, Yanenko and others as a scheme for generating various
methods of implementation of the decomposition method. It was shown by a num-
ber of studies that all the known decomposition methods possessing the property
of total approximation reduce to schemes (1.5) or (1.6). And if this is so, then
the question arises of constructing a scheme for implementing the iteration proc-
ess. In particular, we will have for scheme ( 1.5)

(E+2_1Abwj+lln_Fi; A

2
T i+ 2/ j+1/»
(E+32A2>‘V’+ n-\l’l_ H

(1.7)

e e @ & & o o

. R=1
T j+ 1 I+ =5
@+§Agv'+ -y P

i+ 1 j j+1
e/t welemyt,

where
i i
Flacng +f

is the discrepancy of the iteration process.

2. Methods of Separation of Unsteady Problems

We consider the unsteady problem

¢
— AP = Jo
31 A9 I

whose solution is now sought in the form

<PI+1-<PI ;

)
-—‘t—-'i"A‘P -fi+é. (2.1)
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This is an explicit scheme of calculation with a first-order approximation and, as
a rule, with large stability limitation. Instead of Eq. (2.1) let us consider the
implicit scheme

» J+l o of iy
hf (E+:2=-A“)‘P——————? +A¢i-f]+/’,

=]

where t«=At, while Aa satisfies the condition

I Aa-A+0('t).
ams]

In the particular case we have

3 Jv1_ i n ; TR
I (E+%Aa>¢_¢-+ 2 age’ -f7 T4, (2.2)
=1

-3 T =]

where

n

A‘ 2 Aal
Q=]

This is a scheme of a general purpose algorithm, the implementation of whichis again
given by a system of equations such as(1.7). It can be shown that difference

scheme (2. 2) has a second order of accuracy with respect to T on smooth

functions. In fact, let us apply the operators in (2.2). This yields

2 j+l_ ] . Y
(E+%A+%R>(P s ag! wf T, (2.3)
where
< n~—~2
R-(A1A2+---+An_1An)+ ooo+(—2) AlAzooo Aﬂ.

Equation (2. 3) is written in the form
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Since expression /71

is bounded as = » 0, we have proved our assertion,
Let us now prove the stability of this universal algorithm., We restrict our-
selves to the case where operators A and A , are commutative and have a positive

spectrum and a complete system of eigenfunctions. The solution of the problem is
sought in the form

i 0 (kY (k) (k)
MM D e M (2.4)
where \yik ) are the eigenfunctions of the homogeneous problems
(k) 5y (k)
a¥Vo = *a Yo °
j+
Substitution of Eq. (2.4) into Eq. (2.2) for #7712 = ¢ yields
J+1 i
n n -n
T (k) "k ko (k) f (2.5)
a21(1+-2—1a>_—1—+)\ n;-o,
where
k) k k
A =l(1)+1(2)+...+)»(k).
n
Equation (2. 5) is solved for n k
N (k)g (%)2 R(cxk)
n, = (2. 6)
k X )\(k)f‘ TZR(k) ’ .
+ 2+ —2— o
where
® (&) (b k) (k) =2 (k) (k) k)
Ry =(A My 4eetdy A )+...+(§\) L Mg een A, e
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It is seen from Eq. (2.6) that when © > 0 we always have n <1, provided that
2> 0. Accordingly, algorithm (2, 2) is stable.

3. The "Predictor-Corrector’ Method for Solving
Unsteady Problems

We consider the equation

dg
at+A(p-f.

The entire interval 0t < T is subdivided into partial intervals At = t© and the
solution of the problem at each of these intervals is to be found in two stages.
First we find an approximate solution of the problem at half the interval using the

scheme

» ih 0 . i
11 (E+'2—°Aa)<p‘ o vz (3.1)
a =]

After the solution of this problem is obtained, we shall seek the solution for
4 J+1 using the corrector
@ j+1 _q,l
T

i*'/z_ri+‘/=

+ Ag . (3.2)

Here, as before,

n
b3 Aa-A+0('t).
o=}

In the simplest case, when A=A, we get

a s e
i (E'f';-Aa)q’] L +'2-5f' %
1

-2 3

(3.3)

jv1_ i ¥ i+
?_—CP + A (] - f .
T
We now show that scheme (3. 3) is of the second order of accuracy with
respect to . In fact, multiplying the second of equations (3,3) by A~ 1, and then

n E T
n A
by a-l( T2 “), we get
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n j+1 j n P4l

-1 9 - it 4
n(E+3A)A LA S (B+3A) -
aAm] 27 T am] 2« ¢

n _ -+x
I (E+§AG)A 1l ¥4

CQm]

Then the equation thus obtained is multiplied by A and

i+%
z (E+:2:~Aa):p

aA=]

is eliminated using the first of equations (1.5). This yields

3 j+1 i 231 -
1 @ b 4 T 14 n 1+
AT (E+3A )A 1 " iA@ +3A =A O X -1 *
e\ T2% @ +zAf Al E+ZA  Ja-1f
or /73
e+ _ 2
g¥_ "% A /=r1+l/2 AR

where

n i+ 4y
B=a 1 <E+:2:—Aa)/\—l; e “=ARA"1f .
®Ka=}

The assertion that the predictor-corrector scheme (3. 3) has the second order
of accuracy on smooth solutions is thus proved.

Equations (3. 1) and (3. 2) are implemented according to the scheme:

-(

0
€

+
to} A
—

)_i+7ln— j i+‘/z_
L)@

j+ 1 j j+ % i+
¢ —t(ag - =f7 7).

€
]
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It is easy to see that the predictor-corrector scheme is not equivalent to the uni-
versal algorithm scheme, but is close to it,

In form (3. 3) the predictor-corrector method is satisfactorily integrated.
In fact, the first equation provides for a large stability margin, which is then
lost in accuracy correction. It should be noted that the predictor-corrector method
satisifes the conservation laws (the system is divergent), while other methods may

be also nondivergent.

The predictor-corrector method can be used also for solving steady problems
in the following form:

T iy 1 .
1 ]+2 ] T
<E+7A1>“’ AR
. .1
T J+ == j+ =
2 2
(E+2_A2>‘P el 2P

. n-—1 /7
SRR it% I+ =5
E+ TA" P = @ ’

j+l i+

] %
P -¢! ~t(ag -f).

Here we again have n operators Aa and n + 1 parameters < 12 Tgr s Tps T

which are selected from the condition of process optimization,

4, Operators With Arbitrary Structure

In solving equations of mechanics of continuous media one almost always
has to deal with operators which have imaginary values as spectral points, which
makes the application of general decomposition methods impossible., This cor-
responds to the wave nature of the solutions. It is true that equations of hyperbolic,
elliptical or parabolic type serve as individual elements of the algorithm, and
methods for decomposing these types of equations have already been extensively
studied by Yanenko, Samarskiy, D'yakonov, and others. In addition, problems
of mechanics of continuous media frequently do not belong to the class of Cauchy-
Kovalevskaya problems,

Ag an illustration we consider the solution of the Cauchy problem

de
EE‘-
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or

o9 , 99, , 9% 9¢

with applicable initial
¢(x,5,2,0) = Py (x,y,2)

and boundary conditions. We shall seek an approximate solution using difference
schemes satisfying the following requirements: 1) second order of accuracy with
respect to all the variables; 2) simplicity of implementation; 3) divergence.

We shall show that for given p, = const one such scheme will be as follows:

1

(E+u. vy )(Esu,v, ) (Een. v, ) (ot oo/
iVl 2V AT RAS 9 )+ 4.1

(kA + B, +138,)=0,

which is implemented according to the scheme /75

5 1,
(F1V1+E)‘<P]+/°-q) ;

i+ Y i+ 3
(“2V2+E)EPI - (PI % ;
Pt ity
(hgvg+Ede” % = 9" 7
f+ 1 j f+
¢/ ‘P]‘(FLIA1+P-2A2+[.L3A3)<;>I %

where
u;at
(VE)p=Ep—Ep_ys (BE) =B, 1~Bp_,5 ki = 'Ax
i

Let

J J ik,o, +ik,a, +ik,a,

- x -
L kK, 4.2)

Substitution of Eq. (4.2) into Eq. (4. 1) yields

,. ReD+illnD - 20y; +¥;+ 590 (4.8)
ReD+ iImD
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where

Da(lex, +iy,N1+x, +1y, 1425 +iy;);

1= 2usin? ok oy ey sineg (k=1,2,3).
We calculate
(2] = \/Re2 D+Im’D—42 i
Re?D + Im2D
where

EI”‘(.3’1'*)72+)’3)[)’1(-1’2+ X +X,05) + Y (X, +X54XX04) +

Y (X + Xy +X3X,) —y,y,7, 1,

We now find the minimum of function 2(X},X,, X5y, ¥,, ¥,). Since function 2 is
symmetrical relative to X5 Xg, Xg and Yi» Yoo V3o then an absolute extremum of
the function is possible only when

Ly=Xog=Xy=Xi ¥ =Yy =Y3=).
which yields

®(x,y)=3y%x[2 + x —y2],

From which, using Eq. (4.3), we get /7t

p <3

as the stability region. In the case of two variables (x, y) scheme (4. 1) has abso-
lute stability for any @.

Now it is necessary to solve the problem
(E+pv)e =1, 4.4)

where 4 may change sign. Equation (4.4) are written in the form

E4—E f 0
_— k k-1 or  Wr> -1 (. 5)
Ery1 — Bk for p,<0 k-
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which is then rewritten as
gl +updbr =20+ 1 DEg + Ueg |~ g D84y~ 2f) (4.6)
together with the boundary conditions
Eg = a; Eny=8.

Equation (4. 6) is solved by the sweep method., It can be shown that computations
using sweep formulas will be stable.

5. Solving Problems of Dynamic Meteorology

The main problem of dynamic meteorology is the system of equations

du 3 a‘P_ ¢ Yea-—Y €
EE——IU:—RT(';;, a—t—+ T CP,

(5.1)
du 1y . _RTZY,
dt ay

e
=i

~1¢ = -2T2%, divu -
az

which should be supplemented by appropriate boundary conditions.

How can this complicated system of equations be simplified using the
previously discussed ideas?

Frequently one has to deal with extensively studied problems of parabolic,
elliptical or hyperbolic type. In consideration of our problem the mathematical
aspect ties in quite satisfactorily with the physical aspect. We shall attempt to
show how this system should be decomposed. For this one should imagine a
physical process which consists in the following: there exists, let us say, a
volume element of a liquid or a gas, which is to be tracked. This volume ele-
ment in general moves along a specific path, but during its entire motion it
adapts itself to laws of conservation of energy, momentum and mass. Ifa
particle undergoes an infinitesimal displacement along the path then dynamic
mismatch of the fields occurs, This mismatch is eliminated by the fact that,
setting into operation the conservation laws, we shall attempt to distribute all
the discrepancies in a special way over the field and then again to match the
latter at some stage, using wave disturbances (which are permitted by our system
of equations). After the fields are rematched and corrected values of fields of
hydrodynamic elements are obtained, we can again move along the path and again
match the fields,

We thus have two effects which must be considered-: transfer of the substance

along a path (which is the more substantial factor) and dynamic matching, Had
there additionally existed eddy exchange, we would add here a third step: first our
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particles would be moved along their path, then eddy exchange would be "switched
on'' and this will be followed by dynamic matching. Once this is understood, it
becomes clear how the starting system is to be decomposed. We write the two
systems into which it is decomposed, LetAt =< be a time interval from time t]. to

tj 1 Starting with time tj we begin moving the particles along their path, i.e.,
solving the system
duD (0 Gr |
7 =0 4 = I,
dv(® (n i
e =0; v oyl
at v for 1 t / (5.2)
A1 : , = .
(» i
dédt EEC Y IY J

Upon finding the solution of the above expression at time t]. +10 We solve the problem

of dynamic matching of the fields:

du(Z)

3
—at——lu‘z’--RT—g—f—; u‘”(ti) IR RY
(2) (2) Al
. Al
dv (2) de (2) (1
T +1 = -RT 3y V() =v (s
(2) (2) (5.3)
dw (2) de (2) (D
88 = =RT s w ()= w (L)
ds (2 Y 7Y () o (2) (1
at T -C_‘: ’ 6' (t i ) - 8 (t]"’l)’
- - YR
diva@ _8-Y (2)
RT
Then Eq. (5.1) at tj +1 is solved in the form
j+1 (2) RS 2) . j+1 (2)
L L7 L A A LA S Fi =W )

j+1 . j+1 (2)
\9‘ -\?‘(ti+1 ), :P -Qp (ti'f'l)'

It is seen that the weather forecasting problem has been decomposed into two
simple problems, which in their turn can be decomposed further.
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The solution of Eqs. (5.2) was already discussed., Let us now examine the
solution of Egs. (5.3), for which we write them in the difference form

j+ 1 j j+1 2 f+1
u] —ul -le- -C ’C(PL M
.+ > - 2 -
v’ ! —v! -—Of.u]+l - T¢Iy+l3
R . . o i
w’+1.—wl-g'c\9']+l—c '\:cp’;l;
. , Yy i1
i+l J+1
div ¥ = oW H

where superscripts (2) are omitted for simplicity., The notation used here is

8- YR
CzsRT; oo = €T; T=Al; 0 = ——— W,
RT

This system yields

f+1
oo

2 j+1 j
fod ; - .
1+a2[ 1(<px+o.q’,) (4 +av)’];

v’“ --———1———2-[621:(<p7 -ag,
1+ a i

) - ey

i j+1 i )
w’+l-—x(cz'tcpz gty ~w' )

; P Ye—Y - -
g/+1 -X[\}]+_°.L-_—1(Cz't<pl+l —w’)] »
T z

Y, <Y

-1
where x -<1+ _cnz) is a dimensionless parameter, Eliminating all the

functions with the exception of ¢ and using the equation

divl‘li+l = gwltl
b

we arrive at an expression for ¢/*!

2 2 2 2 . .
F:] J c“t [d 2 d j+1 j
—_— 8 — 4 —— — 4 ﬁ— ¢ --..r
[azz 32" 1, o2\ax?  ay? ax)] ’ (5.4)
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where
& = const, f] = F(u’,v’,w’, el ).

Equation (5.4) can be decomposed further.

6. Methods of Steadying

We shall prove, without reference to the hydrodynamic statement, a number
of assertions which can be used for finding a solution to the problem when the
operator of the steady-state problem is not positively defined.

Let it be required to solve the problem
A(P = f'

where A is not a positive definite operator, Instead of this problem we consider
the unsteady problem

dy
X iAu=Tf,
| (6.1)

It is now asserted that the solution of Eq. (6. 1) is the limit of some function

T
- —1— dt - o
? T T of y as T N
We shall prove this on the assumption that the solution of Eq. (6.1) is a _@

bounded function. It is known that, if all the roots of an equation are imaginary,
the solution is always bounded; if however, there exists a negative root » <0, this
will result in a solution increasing exponentially with time, This will be discussed

T
below, Applying the operator { dt to Eq. (6.1), we have

1
T

Integration yields

w(T); 0 g -t
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If solution y of unsteady problem (6. 1) belongs to the class of bounded functions,
then it is possible to find a T such that starting with it

v (T) = v(0)
T

<e,

and, in fact, we get uniform convergence, irrespective of x, y, z.

The solution of unsteady problems is obtained with sufficiently high accuracy,
since one can use for them the universal algorithm and reduce the solution of this
problem to sequential solution of elementary one-dimensional problems, which was
discussed previously.

We considered a quite simple problem of steadying and found in this case that
its convergence to the solution of the steady-state problem was of order 1/T.
We now wish to know whether it is possible to construct methods so that, having
quite arbitrary solutions and applying to them some more complex operators, the
convergence to the steady problem is of order 1/T%,

We consider one particular case. Let it be required to solve the problem
Ag = f.

Instead of it we shall consider

n

y
at"

+Ay = f. (6.2)

Since t is a formal variable, in solving this problem we select the initial conditions
as follows:

vO =y - w“""” ©) = 0.

If the solution of Eq. (6.2) is bounded, then

T £ ¢
. . nl

¢ = lim P = lim — fde, rdtyece [ ydt
T T+ T ¢ 0 0

and in the uniform metric
- - 1
I ¢ Il .0(_[") .
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In fact, let us apply operator

4

T ¢ -1
B rde, g dt, ... [ dt
1}

n n
0 0

to Eq. (6.2). As a result, with consideration of inifial conditions, we get

v(T) - 1
o +ACPT f or A<pT-=f+0(-T—’T),

since y(T) belongs to the class of bounded functions,

This means that if the problem converges slowly, other steadying operators
should be used. This increases the order of equations for t.

Up to now we have considered methods for solving equations such as (6.1) by the
decomposition method, I some cases the decomposition of wave equations has
been considered (Samarskiy, D'yakonov, Konovalov). Wave equations correspond
to the case when A is an elliptical Laplace operator and n =2, In the particular
case of a wave equation, when instead of problem

Ag = f

we consider

2
j—tgum =fi v =y (© =0,

we have

\P(ZT) ‘Ao, - .

T
Consequently, for function

T £
2
¢, =2 [dt, [ ydt
T o1z, ! 0

the convergence is of order 1/ Tza Steadying of such an equation was considered
first by Saul'yev, who obtained convergence of order 1/T.

Problems with positive definite operators are the simplest. If the operator's
spectrum is imaginary, then the problems become more complicated, but here one
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may use all the methods utilized for positively defined operators. If, however, the
operator's spectrum contains one or several negative numbers, this results in the
appearance of harmonics increasing with time. Here it is no longer possible to
steady the problem in principle, even when using the previously described func~
tionals, since it is assumed everywhere that the solutions are bounded. In this
case it is necessary to know how to isolate these harmonics. If this could be done,
then the separation theory could be used for solving a wider class of problems.
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THE USE OF THE METHOD OF THE SMALL PARAMETER FOR
NUMERICAL SOLUTION OF EQUATIONS OF
MATHEMATICAL PHYSICS

A, A. Dorodnitsyn

1. The advent of electronic computers has increased by a factor of hundreds of /8:
thousands and now of tens of millions the computational capabilities of mankind. o
This has made a substantial change in the approach to solving problems of mathe-
matical physics., While during the '"pre-computer' era investigators attempted
to move as far as possible in analytic solution of the problem, thus leaving a
minimum of computational work, the appearance of high-speed electronic com-
puters resulted in an opposite trend - to "arithmetize' the problem as fast as
possible, i.e., to write it (as a rule, approximately) in a form in which the
subsequent solution would be reduced to arithmetic operations, i.e., could be
carried out by computer,

As a result the powerful analytic tools which were developed during the pre-
computer era were to some extent temporarily put aside, if not forgotten.

However, in spite of the high speed at which computer technology is being
refined, the complexity of problems generated by modern physics and technology
increases faster than the capability of computers, and the direct "arithmetization"
approach frequently results in computations so complex that they are beyond the
capability of even the most modern machines. It is therefore natural to turn to
the store of knowledge accumulated by "analytic' mathematics and to see whether
one can find there effective methods which, together with machine computations,
would make possible easier solution of complex problems of mathematical
physics.

The small-parameter method has been quite effective in many analytical
studies, This method substantially (although not explicitly) underlies all the /8t
methods of successive approximation, but is most clearly expressed in o
perturbation theory.

As to the "small parameter' proper, in some problems it has a direct
physical meaning, while in others it is introduced artificially as a certain formal
parameter., In the latter case the starting, specified problem is obtained for some
specific value (usually equal to unity, i.e., not small) value of the parameter.

2. The introduction to the small-parameter problem is a rather standard
operation,

Let us have a starting equation, which is written in the general operator form

2 (%, 0)=0, 2.1)
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where ? is the radius vector of points in the domain where the solution is sought,
and # is the sought vector function (the dimensions of ¥ and il, obviously, can be
entirely different).

From a certain set of considerations we find the equation
2, (%, ) =0,

the solution of which, we hope, is close to the solution of the starting equation,
Writing the starting equation in the form

- - - - <>
Q(x,u)-fbo(x,u)+cp(x,u)-0;
where
* - -> - - -
e(x, u) = a(x, u) - o,(x, u),
we construct the more general equation
- -
(X, u)+ eqp(x,u) =0 (2.2)

and solve it by one method or another, Solution j of this latter equation is a
function of ¢

iz',ﬁ(-x.v e),

and the solution of starting equation (2, 1) is obtained with ¢ = 1, The introduction

of the small parameter ¢ did not simplify the problem, but now we are able to

study the solution of Eq, (2.2) as a function of this parameter, The idea of intro-

ducing the parameter consists in the fact that it may be simpler to clarify the

dependence of the solution on e, then to immediately find i as a function of ¥ in /87
the starting equation.

It is usually not difficult to show that (X, e) isa continuous, differentiable

(and even analytical in some range o_g values of e) function of e, This makes it
possible to consider a derivative of u with respect to e:

. D(;, S)-'g—:.

The equation will be linear in v

as - - »
<3.—ig+ea—§>v+<p(x,u)-o.

Qs
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If the operator which is the inverse of operator

3%
9% , 99

- -
o Ju

-

2] ou

arithmetized easily by using a method, let us say, similar to the Euler method in
ordinary differential equations. We have

- 9% -1 - -
3(!,:)-—[—_,0—+ eéi_f:l o(x, u);
. Ju Ju

% -1
(we denote it by [_0 + & a_‘_f:l ) is easily arithmetized, then the problem can be

- - - - >
H(X, € + Ae)=U(X, )+ Ae*V (X, &)

and ¥ is thus found step by step up to the value of e = 1. Naturally, this can be
done in the case when 3 as a function of & is a continuous differentiable function
in the interval 0 < e < 1.

L] -1
However, in general, the finding of operator [—g +€ a—_‘f:l is not a simple
Ju ou

task, although for a sufficiently good direct operator it can be approximately re-

duced to an algebraic linear system of equations. But, since the direct operator

a0 9 -

5ﬁ—0 + 85%’ is a function of ¢ and u, in general this linear system has to be solved

again at each step in . The method will be effective when the inverse operator /88
is easily calculated, but this is not a frequent occurrence,

It is much simpler to subdivide the starting direct operator into the sum 2+

9,11
in such a manner that [T?Tiq] can be easily found. For example, if Qo(;, u) is

e, |1
linear in &, then operator [‘-’—;9] does not depend on U and e , and can be precal-
u

culated,

If, as in the ordinary perturbation theory, the solution is sought as a power
series in ¢, then to calculate each coefficient one needs precisely only one operator
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2| ],
U oo

o0 -»>
BT, e)= 2 "V, (x),
[

since, if we set

we get for vn(i ) the expression

a% - > - - -
—5—_':— . vn-F(x,vo,vl,....vn_l). @.3)
u-vo

For computational purposes a series expansion in ¢ is inconvenient for two
reasons, The right-hand sides of Eq. (2.3) for any complex nonlinear equations
grow very rapidly, and this requires complex analytical transformations before
making the expansion. When a large number of terms of a series is to be calcu-
lated, the machine memory will be unduly loaded. Here it is more expedient to
use the method of successive approximations

@o(x, un)-A- ecp(;,-ﬁn__l) -0,
the effectiveness of which will depend on the simplicity of solving equation
2, (X, 1) =f ().

3. The method of power series expansion in & has the substantial shortcoming
that the convergence of the series is determined by the analyticity of the solution /89
in the range 0 <e<1 of interest, but depends on the behavior of the function in the _
circle|e < 1. Thus, if function i (%, ¢) has a singularity for some complex or
negative ¢ whose absolute value is smaller than unity, then the series will diverge

fore =1,

The situation may be somewhat better for the method of successive approxi-~
mations, but this method also may diverge even if the function remains analytical
in the interval 0< £<1, Hence it becomes attractive to employ analytical continuation

with respect to e, which would permit circumvention of the "parasitic' singular
points,

The simplest approach in this direction is writing Eq, (2. 1) in the form

2, (F,1)+ e tad (%, i)~ g (% u)} =0, 3.1)
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where o is some constant, Obviously, when e, = 1 Eq. (3. 1) coincides with
Eq. (2.1).

Let us find the relationship between parameters e, and ¢ (Eq. (2.2)). Since
8(%, %) = 2(%, ) + ¢(F, i), Eq. (3.1) can be rewritten in the form

3, + el!a(Qo + @)~ Qo}-[l-el(l—a)]@o+slacp-0

or
Qo(;,ﬁ) + '—'L . (P(f’i;) = 0.
1—51(1—(1) (3.2)
Equating (3.2) and (2. 2), we get
oe,
€= ——————
1—8](1—0.) (3.3)

Function (3.3) maps a unit radius circle in the ¢, plane into a circle with

radius 1/(2 - @) with center at point r--é—- i:i“_ , ¥y=0 (Fig. 1), Thus, if the
1—-=a
2

solution of Eq. (2.2) has no singularities inside a circle whose center is at point

(1/2, 0) and whose radius is greater than 1/2 + 8, where & is a positive integer as

small as desired, then for a sufficiently small « >0 the solution of Eq. (3.1) will /90
be analytical in &, when &; < 1. T

A more general case of analytical
extension can be obtained by replacing

Circle in the the constant « with one which is a
€, plane function of e, Then
Circle in the ale, e
1/%1
¢ plane € m

. 1“51[1““(51)].

It is always possible to find a function

f (e ) which maps a unit-radius circle of
the € plane into as narrow a region as
desired, which surrounds segment 0<e<1,
and in addition such that the 0 of plane €,
is mapped into the 0 of the ¢ plane and

€= 1 is mapped into e = 1 (Fig. 2).

Figure 1,
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Circle in the Upon finding a(e; ) from

o eale,;)
LA U v s ey gy B
i.e.,
( ) f(sl) l—el
ale - . ’
Figure 2. 1 €1 1-f(sp

we get the following result. It is always possible to find the solution of equation
2(T, )+ o lale))o(X, 1) - 2y(%,U)] = 0

as a power series in ¢, if the solution of Eq. (2.2) is analytical in e in the entire
range 0<e <1.

Finally we note that in some cases it is more expedient to specify an o« which
is a function of ¥. This makes it possible to avoid undue difficulties in the vicinity
of singular points of Eq. (2.1). However, this is not considered in detail here,
but instead we examine an example.

4, Application of the above method is now described by several examples,
These examples are naturally illustrational, i.e,, they are sufficiently simple
and easily understood.

A. We consider the classical example of a nonlinear problem for the Laplace
equation — the problem of conformal mapping of some region into a unit-radius
circle.

In the plane z =re i® Jet there be given a domain D whose boundary is specified /91
as

Inr = u(oe).

We assume that #(e) is a single-value differentiable function. Let the coordinate
origin of plane z lie inside D, We map D into a unit circle of the plane

g =pc"” in such manner that the coordinate origin z = 0 is transformed to the
center of the circle ¢ = 0, and we assume for definiteness that (dz/dg) Lm0 is real

and positive.

We shall solve the more general problem for the domain D (e) whose boundary
is given by

Inr = en(0). (4. 1)
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The function mapping D(e) into a unit - radius circle depends on § and e:

2=2(%,¢),

wherein, for ¢ = 0,

Z= g.

The function

w(f,e)=Ilnr+i6=x+18

is an analytic function of ¢ in the circle |{] < 1 with a singular (logarithmic)
point at the coordinate origin, but «w(Z, €) - Ing is analytical in the entire circle,
Hence, also the function

‘;’(QJ 0)'(‘;—:

is analytical inside circle | 2| <1. Boundary condition (4. 1) may be written in the
more complete form as

(v, €) =~ eul 6 (v, €)] for p=1. (4.2)

whence

9% _ cu'fo(, o)l + 22 + ulo (v, €]
X de

or, using the notation

we get

(v, ) = euTo(v, el 6(v, e} +ul o (v, e)]. (4.3)

Equation (4. 3) is already a linear condition for the boundary values of function
w(, e}, However, the coefficients in this condition themselves are functions of
e, and solving this problem, let us say, by the Euler method, we would have been
forced to seek a solution of a boundary value problem with different coefficients at
each step in €, To avoid this, we do the following, Equation (4, 2) is differentiated

with respect to v:

/o2
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ar - ro 200
a——v en’{ (vr e)l v’
i- e, )

P Jdt /0o
e oy, el w/ av’

and condition (4.3) can be rewritten in the form

é(v,e)%ﬁ:—
<(v, e)=ul6(v, )l + -
0
av
or
SCLIY L
av ov _ _ule(v, e)] .38 (4.4)
2 2 2 z 9V’ :
T ae dT 08
(&) 6) (&) )
Noting that
. . 'a_‘?_ea—T +i %a_—c+éa_g
T+10 av ov av v
a7 30 312 392
v v av] Tlav
and also
dlnz _ 1 (a»c ,La_e>_‘1_€_n:+lae>'
dg om1 jet? oV av ig \9v av
we have
. t+18 o
l - f - -
o, ;28 cdlnz o ¥
v av dg

and condition (4. 4) can thus be written in the form



pe |8 _ule(v,e)] . de
] g
de 1\ v

We have thus obtained for the function /9¢

-
(M)
y

din z
Q-—*—-dg

which is analytic inside circle |¢]< 1, the classical Dirichlet problem, This
function is found explicity in terms of the Poisson integral. We thus always
carry out transformation from e to e+Ae by the same computational procedure,
which reduces, when using finite differences, to multiplying a matrix (which is
always the same for any u(e)) by a vector,

B. Let it be required to find the solution of the equation
Ag ~c{x,¥)e =f(x,y), ¢(x,%>0 (4.5)

in a unit-radius circle with boundary conditions ¢ = 0 at the circumference X2 +

y2 =1, Writing the equation in the more general form

by ~ ec(x,¥)9 = f(x,¥),

we get the usual method of perturbation theory.

All the singular (with respect to =) points of the solution of this equation
are eigenvalues of the equation

ap ~re(x,¥)¢ =0,
] (4.6)

2 2
=0 for T +y =

All the eigenvalues are negative, Thus, the "success'' in using the ordinary
perturbation theory depends on whether the absolute value of the first eigenvalue
of Eq. (4.6) is smaller or greater than unity. If coefficient c(x, y) is sufficiently
large, then eigenvalue % | can be as small as desired, and hence perturbation

theory is not suitable for solving the starting equation (4.5). But, by introducing
the constant o, i.e., considering the equation

Bp = fre la(ag~co=f)=ap+fIn0,

the solution can be found up to ¢, = 1, as long as we assume that
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>3
2—0a

<|xll, a > 0.

C. We consider the biharmonic equation
sae =f(x,)

with different boundary conditions in some closed, bounded region. Its solution
is particularly simple with boundary conditions of the form /94

¢ =0; A¢ =0 on T (boundary of domain)

Then the solution reduces to successive solution of the Possion equations
converges for

Aw = f(x,y), w=0 on T;

Ap = w, =0 on T.

But now the problem of a rigidly fastened plate, for which the boundary conditions
have the form

qJ-O; éino on P, (4:37)

does not decompose into two 2nd-order problems,

Taking, instead of the second condition in (4. 7), the condition
a)+e(aa_q’~w)-0 on T,
on

we can seek a solution in the form of a series in e:

o0 n o0 n
w=L w e ; ¢o=15L ¢ & . 4. 8)
0 0

Here, for wy and 9, we obtain a recurrent system of decomposing equations

oy = f(X,9); Agy = wg s
QO-O; mo-O on P;
Awk-O; Lpy = @y
9% _y
an

q)l‘-o; mk-—a +0-)k on T.

-1
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As was shown by B. Pal'tsev, series (4.8) converge provided that

a>0; &< —

T

where D is the area of the domain and K is some constant depending on the do-
main's form (it is assumed that the domain's boundary is sufficiently smooth).
In order to make this result more graphic, we consider the quite simple case of
a one-dimensional "biharmonic' equation

2 d?
‘:;_‘%-f(x); d_gsw 0<x<a) (4.9)
X xe-

with the boundary conditions

90) =0, (a)=0; (4.10)
- 99 -
(0} = 0, i =0.
X mq
Had, for x = a, the value of w been specified instead of the condition g—;" =0,

then the fourth-order system (4.9) would have separated into two 2nd-order
systems. Under conditions (4. 10) this separation does not occur and we must di-
rectly solve a fourth-order system. We now replace the last of conditions (4. 10)
with the more general condition

d
for X = a: w+e(a5§—w) = 0, (4.11)

which reverts to that of (4. 10) for € = 1,

Since the study of system (4.9) with conditions (4.11) is elementary, we can
easily observe the dependence of this solution on © and the conditions under which
the power series in ¢ for functions w and ¢ converges fore = 1,

From the first of equations (4. 9) we get
o(x) = Qo(x)+clx,

where Qg (x) is a particular solution, let us say such that Qy(0j=0 and 2% (0) =0
(.e., ,(x) = ? dsff(sl) ds;). We made use here of the condition w(0) = 0. Now,
o o0

from the second equation we have
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- ¢3
x
c;:(;v:)-q>0(1c)+c16 +CoX,

x S
where &, (1) is the particular solution E&o(x)- fdsfeys 1)ds 1], corresponding to
o 0

the term @; in the expression for w. Constants ¢y and C, will be found from con~
dition (4. 11) and the condition ¢(a) = 0
a3

Qo(a) + Cl—é—' +C20= 0;

¢,a?
go(a)+c1a+e{a[@6(a)+ 12 + cz] -Q,(a)-c a }-0.

Elementary calculations yield
c eal 2y (a) ~ & @]~ a(1-¢)Q,(a)
R ;
l-f-#)]

2
9_62»(1-5)Q.0(a)+%—rsoc®67(a)—(l-—e--'i;ﬁ)@o(a) /96

C, =

ST

Thus, the solution of system of equations (4.9) can be expanded in a power series

in ¢ provided that e(] - %‘3)' <1; consequently, when

6
0 a < 2
< a

the series converges for ¢ =1 and yields the solution of the starting problem,
This result, as is seen, is qualitatively the same as for the general biharmonic
equation. Constant K is here determined exactly (K = 6).

D. Finally we consider the more complicated case of the flow of a viscous
fluid. The equation of a viscous incompressible fluid can be reduced to a single
fourth-order equation

_oftv a5y _avasy
any “(ay 3x  ax ay)' (4.12)

The boundary conditions at the solid walls have the form
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oy
= const; — =0.
¥ dn

One of the important problems in the theory of viscous fluids is the flow past a
semi-infinite plate, Here the boundary conditions are written in the form

2

v(,’o)go;‘i_‘gq) (y=0, x<0); L¥o0 (y-0,1250);
ay 9y

g—;'-»l for_ 12+y2"°° (v:arctg—i—>5>0>-

In Oseen's approximate statement, in which it is assumed that v differs little
from values for a uniform flow (y=~y), Eq. (4.12) is replaced by the expression

Ay
Ay = 92727
ALY = 2 31

with the same boundary conditions,

If we introduce the vorticity w=Ay. then Eq. (4.12) and the boundary conditions
can be rewritten in the form

50w,
Aw=2é?w, y =0 for y=0;
Ay = 0; w =0 for y=0, x<0; /9

.a—‘t’-

7y for y=0, x>0,

These equations can be "separated" in the ordinary manner by writing condition
£ > 0 in the form

d
m+e[—a(—;—;l~w-0 for ¥=0, x>0,

However, in this case the domain is infinite, function Vv is not bounded, and the
fact that the asymptotic behavior of function w at infinity is not taken into account
will result in divergence of the series in ¢, But the asymptotic of the solution as

X+~ isknown: @ ~ \/l—? Hence we write the '"generalized' equation in the form
w+el--% .9 1.0,
vx oy
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The expansion of functions w and v in a series in ¢ is
hog n
wew Lw_*e ; y=Y+Z y, & ,
1

and for @y and ¥, we get the recurrent formulas

Aw,,-2%‘i—"-0; wn(I,O)-O (:<O.);

dy
R i

by, = v, (x,0) = 0.

nt

(W, and grad y, tend to zero at infinity). These equations are solved simply.

First we find Wy and y,. For w; we get the boundary condition

w (50 -0 (x<0); w,(r.0)=—°‘ﬁ (x> 0);

w, =0 for X% +y° 4 x,

(r and v are polar coordinates). In order to find y . it is more convenient to con-

vert to the parabolic coordinates

I-Ez—nz; y = 2En.

in which the equation for ¥, is written in the form /98

. 2 2
ad E)
S P TR Y
3E2 g2 !
-27?
w (E,n)=ag &
2402

with the conditions
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¥(0,n) =0; v, (5,0) =0;
grad\pl-vO for E2 4+ M2 o

Setting

¥y =£%(n),
we get

v - 4ae—2n"
whence

¥ - —a‘}n ? e~ 2ds 4 (1 - c'zﬂzﬂ

n

and

‘{»'l - —a&l}ﬂ f 6—25 ds +<1—6—2n2>]
n
a\yl

(all the boundary conditions are incorporated here). Let us now find —

The conversion formulas

yield
3 st
all =—2a f e 2sds=—a\/;~.
y y-O 0
dy
We thus see that a—l is a constant, Hence we get for w, a boundary con-
y =0

dition of the same form as for Wys but with a different multiplier
for y=0, x>0: w2=i<_a E>+L=& 1_a\/3_ |
¥3 2) VT w 2
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whence
o, =afll -« \/—-”:_ e~"--°——r.coslv
2 2 VT 27
and further
n
dy
AP -_a\/z(l_a\/z).
9y |7=° 2 2
In general,

T n—1 x e~ T 1.,
wn-a<_a.\/-%> € Nea cosfv,
- e _ 2 - 2
\yn--—a(l-avgﬂ>n F,En'ge 2 ds + (l_e 2n>J.
Thus, the power series in ¢ converges if
T
€ (l—a \[;)

For convergence of the series when e = 1 it suffices that

< 1.

2f§‘

L

0 <ax

The summation of the series is also found in an elementary manner:

oo - o0 n—
“"Emne"'“ez'e———coslvz:e" l—awf 1-
1 VT 2, 2
—— e .e".e COSLU;

l—eG—aV;) VT 2

)
eoaf

y=Zy eltmy— — 25 4n78“252d5+ 1—e—27°)1,
1 l—e(l— av_g) n
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Fore=1

e 4
- 2 ,x € 1
w \/Te - cos -V,

i.e., the solution, naturally, does not depend on the selection of @ and is the
solution of the starting problem,

We note that in the above examples there exists an "optimal' value of o

2
(o= \[ﬁ_' in the problem just considered) when the series simply breaks off and /1

consists of one nonzero term. Obviously, this cannot happen in the general case,
but it may be expected that the convergence will be optimal for some value of «.

We note in conclusion that the examined examples show the advantage of
introducing the small parameter — that calculation of all the approximations is
performed by the "standard method. " In using finite differences it is necessary
to solve in each approximation a system of linear equations with the same matrix
(only the right-hand sides change); thus the relatively cumbersome problem of
computing the inverse matrix is solved only once and the computations at all the
subsequent approximations reduce simply to multiplying this matrix by a vector.
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NUMERICAL METHODS IN SOLVING STEADY-STATE
EQUATIONS OF GASDYNAMICS

O.M. Belotserkovskiy

In problems for solution on high-speed electronic computers one most fre- /101
quently encounters systems of nonlinear differential equations, either ordinary or
partial, While methods of numerical and asymptotic solution of systems of
ordinary differential equations are well developed, intensive development of meth-
ods for solving partial differential equations started only with the advent of
electronic computers., There exist three quite universal methods of solving systems
of nonlinear partial differential equations, each of which utilizes a large number of
directions and approaches and is suitable for the study of different classes of prob-
lems,

1. Method of finite differences, This is the most highly developed method
of the three at the present time and is widely applied for solving linear and nonlinear
hyperbolic, elliptical and parabolic type equations, Here, as a rule, the region of
integration is subdivided into a fixed orthogonal grid. The derivatives of functions
in the various directions are replaced by finite differences; usually a so-called
implicit difference scheme is used. This results in the solution, at each step of
the procedure, of a system of linear algebraic equations involving sometimes
several hundred unknowns. Problems of the theory of difference schemes have
been studied in sufficient detail for equations with constant coefficients,

2. Method of integral relations, In this method, which is a generalization of
the well-known method of straight lines, the region of integration is subdivided into
strips by a series of curves, the shape of which is determined by the form of the
region's boundaries, The system of partial differential equations, written in
divergence form, is integrated across these strips and then the functions contained /102
in the integrands are replaced by certain interpolation expressions. The approxi-
mating system of ordinary differential equations thus obtained is integrated numeri-
cally. The method of integral relations, as the method of finite differences, is
applicable to various types of equations,

3. Method of characteristics. This method is used only for solving hyperbolic
type equations. The solution here is computed with the aid of a grid of characteristic
lines, which is constructed in the course of computation. However, it is possible
to use schemes of the method of characteristics, in which the computations are
carried out by strips bounded by fixed lines.

The method of characteristics can be used for precise determination of the
point of origin of secondary shock waves within the flow field as the result of inter-
section of characteristics of one family. However, if a large number of singularities
occur, calculations by this method are difficult, This being so, this method should
be used for computing hyperbolic problems in which the number of discontinuities is
moderate (for example, steady-state problems of supersonic gasdynamics).
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Lately, considerable success has been achieved in using the method of char-
acteristics for the computation of three-dimensional gas flows.

Subsequently I shall not consider finite-difference methods (except for pre-
senting several specific examples), since V,V, Rusanov, V,F, D'yachenko and
G, I. Marchuk in their lectures have illuminated in sufficient detail many aspects
of construction of difference schemes and of their applications., I shall dwell on
certain questions of the use of the method of integral relations and lines, aswell
as of the method of characteristics for solving steady-state gasdynamics problems,

As is known, in gasdynamic problems one frequently has to deal with singularities
of various kinds, discontinuities within the region of integration produced by the
physical statement of the problem and nonlinearity of the differential equations. In
this case the starting system of equations has no smooth solutions,

When the number of these singularities is small and it is possible to formulate
certain boundary conditions for them, the problem reduces to determining con-
tinuous solutions in regions bounded by these singular lines or surfaces. In con-
structing numerical solutions of this class of problems, which appear, for example,
in steady-state gasdynamics, extensive use is made, alongside difference methods, /1
of the method of integral relations and the method of characteristics, which will T
principally be discussed below.

In the case when the number of discontinuities inside the integration region is
large, it becomes difficult to keep track of each of them. In order to cope with
these difficulties, special difference schemes of '"through' calculation were de-
vised, which permit one to carry out calculations without regard for the singulari-
ties (this was discussed in detail in V. ¥. D'yachenko's lectures).

PART I, THE METHOD OF INTEGRAL RELATIONS

Since methods of numerical solution of ordinary differential equations are
well developed, great practical importance is acquired by methods of solving
partial differential equations which reduce them approximately to systems of
ordinary differential equations. These methods include the method of straight
lines and the method of integral relations, They, as the method of finite differences,
are applied to equations of different types, including also mixed-type equations,

In the classical method of straight lines the integration region is subdivided
into strips by fixed straight lines and the derivatives with respect to one of the
directions are replaced by finite-difference relations (usually linear). This yields
a system of ordinary differential equations, which is solved numerically, When
using this approach, satisfactory accuracy is obtained by taking a quite large
number of strips.

The method of integral relations, suggested by A.A. Dorodnitsyn [1] in 1951
for solving certain nonlinear problems of aerohydrodynamics, was developed by
O. M. Belotserkovskiy and P, I Chushkin [2] and has been used successfully for
solving various problems of gasdynamics,
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The idea underlying the method of integral relations consists in covering the
region of integration by some curvilinear (in general) computational grid and in
introducing into the starting system of equations a representation of functions with
respect to one of the directions, which yields, in the two-dimensional case, an /104
approximating system of ordinary differential equations, which is then solved
numerically, The structure of the computational grids depends here on the shape
of the boundaries of the region under study, and the starting system of partial
differential equations is first written in the form of integral relations for the
strips. For three-dimensional gasdynamic problems, one usually introduces an
additional trigonometric approximation in the transverse plane. Functions can
also be represented in two directions.

The freedom in selecting approximating functions makes it possible here to
obtain a sufficiently exact solution with a small number of strips, which is of
great importance in practical calculations. In the generalized method of integral
relations [3], due to introduction of smoothing functions which are selected in
accordance with the expected behavior of the sought functions, one gets a system
of ordinary differential equations for functionals which are smoother than in the
ordinary method of integral relations., This yields satisfactory accuracy with a
relatively small number of approximating grid intersections.

As was pointed out, the method of integral relations has the advantage that
here one uses the extensively developed tools of numerical solution of systems of
ordinary differential equations. In addition, in the case of unbounded regions it is
possible to use asymptotic methods for solving these equations, Programs for
computer computations are found to be sufficiently simple and do not require a
large machine memory. However, the application of this method involves dif-
ficulties when it is necessary to solve multiparameter boundary-value problems
for the approximating system of higher order ordinary differential equations. In
this case the method is effective if it yields a sufficiently exact solution when the
system is of a rather low order or when the method of computations is satisfactorily
organized.

For a number of years the Computation Center of the USSR Academy of
Sciences and other organizations have engaged in the development and study of the
method of integral equations, as well as its application to various problems of
mechanics and physics. This method is surveyed in [2]. Here I shall briefly
present the basic tenets of the method of integral equations and describe some /105
features of its application.

1. The Fundamental Principles of the Method of Integral Equations

In this method the starting differential equations are written in divergence
form. This form is suitable for representing differential equations of physics and
mechanics expressing thelaws of conservation of mass, momentum, energy, charge,
etc. In the two-dimensional case the starting differential equations in divergence
form are taken in the following general form:
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ﬁpi(I'Yy 1’"2’ --yuk)‘*' Q (x,y,u P --yuk)- 1)

F(5,5,u,..0,1), i=1,2,... .k,

where x and y are independent variables, Ugs o0y Uy aTE the sought functions;

Pi’ Qi and Fi are known functions of x, ¥y, Ugs vees We

Let it be required to find the solution of system (1. 1) in a region having the
shape of a curvilinear rectangle with the boundaries

X=a; X=b; y=0; y=a(x).

In individual cases it may happen that

@m~0w; Dm==ow; A(X)= const.

We shall assume, concerning the boundary conditions of system (1,1), that there
exists a total of k conditions at boundaries x =a and x = b, and k conditions at
boundaries y =0 and y = A(x). H boundary y = A(x) is not known a priori, then still
another boundary condition is needed. If, however, the boundaries contain singular
points, the corresponding boundary conditions may not exist — they are replaced
by the requirement that the solution be regular. Multiplying each of equations (1.1)
by some piecewise continuous function f(y) and integrating it with respect to y,
fromy =0 to y= a(x), we get integral relations fori=1, 2, ..., k (subscript i is

omitted)
A (x)
rrall f(y) Pdy—8"(x) f(&)P, +f(8)Q, —f(0)Q, -
(1.2)

Alx) Ax)
f 7 (yQdy = f f(y)de
0

/1

Here
P, =Plr,y,u (x,y), e (5, MLy

Quantities Q 0 and Q, have the same meaning.

We note that functlon f(y) may have a finite number) of d1scont1nu111es of the

first kind. Then j f’(»)Qdy should be replaced by J' Qdf.
0
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In the method of integral relations the solution is constructed in successive
approximations, Let us consider the Nth approximation., The region of inte-
gration is subdivided into N strips, for which line N-1 is drawn between boundaries
y =0 andy=a(x)(Fig. 1.1):

y=y,@=g o), m=1,2 .., N-1,

where Yo = 0, YN =8 (z).

Figure 1.1,

Functions P, Q and F are now represented by certain interpolation formulas
in terms of their values P, Q_ and F_ at the boundaries of strips y =y_(x). For
example nom n n

N
P(x,y,ul,...,uk)~n§0Pn(x)zn(y), (1.3)

where

Pn(x_) - P(I, Yous ¥Yinr oo ukn);

U, =ufry) v=1,2,...,k, n=0,1,2,...,N;

and zn(y) are interpolation functions, the specific form of which depends on the

selection of interpolation formulas (i.e., on the form of initial functions). Func-
tions Q and F are represented similarly.
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We now select a system of groups of functions

{fn()’)} = {[fll()’)]y[-rzl()’% f22(y)]""
1.4
.“’[f/\’]_(y)’ fN2(Y), '-',le_V(y)]bv-} ( )

such that the Nth group contains N linearly independent functions. Functions of
different groups may be identical, but as a whole the entire system of functions
should be closed.

In the Nth approximation we now write integral relations such as (1.2) for
each function {f, (M1, = Hy, 01 @=1,2, ..., N) of the Nth group of system
(1.4). We will then have a total of kN linearly independent integral relations.
Integrands P, Q and F are subsequently replaced by their corresponding interpo-
lation expressions such as (1.3). Then the integrals contained in the integral
relations will be written as

A(x) N
ffPdy~atx) = CP (), (1.5)
0 n =0

where Cn are numerical coefficients which depend on the selection of interpolation
formulas and the form of functions fn(y) and are, in essence, generalized Coates
coefficients,

Upon substituting Egs. (1.5) into intergral relations such as (1, 2), we obtain
a system of ordinary differential equations in x (the so-called approximating

system) for k(N + 1) unknown functions uy,(x) (v=1,2, ..., k,n=0, 1, 2, ...,
N) on the boundaries of strips y = yn(x). This system is closed by k boundary

conditions at the outer boundaries yO = 0 and Yy = o (x). The boundary conditions
x = a and x =b complete the system of boundary conditions for the approximating
system,

The approximating system of ordinary differential equations thus obtained is
integrated by some numerical method on a computer,

We note that functions Pn(x) enter Eq. (1,5) linearly, Hence the approximating
system of ordinary differential equations will be linear in the derivatives dPn/dx,

and this means that it can be easily reduced to the computational form by simply
solving it for these derivatives. This can also be done by computer.

In general, functions fn(y) are selected quite arbitrarily. We now consider

the following two particular cases.
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1, H the Dirac s-function is agssumed for fn(y)
lfn(y)lN=l5()'——)’n)! (n=1,2, ... N),

then we have the well-known method of straight lines, in which derivatives with
respect to y are replaced by a finite difference expression satisfying the selected
interpolation formulas (1. 3).

2. If one assumes the step functions /108

0 for y<y,_,
HMy=41 for Y, 1SY<Y, (n=1,2,..., N),
0 for y>Yy,

then the simple method of integral relations is obtained. Here the conservation
laws expressed by Eqgs. (1.1) will be written for the strips in the form of the
integral relations

d Ya yu
d—;, [ de-y”Pn+yn_an_l+Qn—Qn_l- yj' Fdy.

A large number of gasdynamics problems has been solved using this scheme.

Yet another form of the method of integral relations is possible, In two-
dimensional problems the integration region can be divided not into strips, but
into subregions (Fig. 1.2), with the integration being carried out in two directions,
thus approximating functions in two variables, The approximating system then
becomes one of nonlinear algebraic or transcendental equations, which is solved
numerically by computer. This scheme was used in a number of problems,.

Finally, the method of integral relations can
be extended to the case of three-dimensional
partial differential equations, Two approaches
are possible here, I the first approach the
initial system of equations is multiplied by some
function which depends on two of the variables /109
in question (the analog of function fn(y) in the

two-dimensional case) and is integrated with
respect to these two variables. Then, applying
quadrature formulas to the double integrals thus

- obtained, the result is a system of ordinary dif-
X ferential equations with respect to the third
variable,
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In the second approach the initial system of equations is first integrated with
respect to one of the variables and the integrands are represented in terms of
this variable by interpolation expressions whose coefficients will depend on the
two remaining variables. Then the approximating system becomes one of
partial differential equations in these two variables and it can be solved by the
method of integral relations developed for two-dimensional problems.

In the three dimensional case one may also combine the method of integral
relations with that of finite differences or of characteristics.

2. Characteristic Features of the Method of Integral Relations and
Some Problems of Its Practical Application

1. Let us emphasize the characteristic features of the method of integral
relations and the advantages which are gained by them. The distinguishing feature
of this method is the fact that here the solution of the problem is broken up into
two separate stages. The first consists in reducing an exact system of partial
differential equations to its approximating system of ordinary differential equa-
tions. Then, at the first stage, which can be considered separately, this approxi-
mating system is integrated numerically,

In this method it is actually an integral which is being approximated. This
somewhat increases the approximation accuracy by decreasing the coefficient
of the residual term, In addition, the integral is a smoother function than the
integrand, due to which a satisfactory representation for the integral is obtained
with a small number of interpolation nodes. Finally, the integral has continuous
representation also in the case when the integrand has a finite discontinuity.

The starting equations in the method of integral relations are taken in diver- /110
gent form, which is convenient and useful since integration with respect to one of
the variables is then carried out exactly. In addition, as is easily seen, integral
relations constructed from equations in divergence form and expressing conservation
laws, remain valid also upon crossing the discontinuity surface. Thus, if the gas-
dynamic problem under study has several surfaces of discontinuity and it is dif-
ficult to keep track of all of them, the method of integral relations can be used for
making through computations and then these surfaces can be constructed from
gradients of "detached' quantities.

In the method of integral relations the integration region is in general sub-
divided by curved lines and the method proper is applicable to regions of arbitrary
form — finite and infinite, with rectangular and curvilinear boundaries, as well as
in the case when the boundaries are unknown. The latter is of particular significance
in gasdynamics problems, where usually the shock wave shapes or boundaries of the
region of influence are not a priori known.

Finally, in the method of integral relations one has available a quite arbitrary
selection of interpolation expressions and functions fn(y) which must be selected

with consideration of the nature of the solution, This makes it possible to obtain
quite exact results with rather low-order approximations,
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2. We now consider some aspects of practical application of the method of
integral relations, Since this method is most extensively used in hydromechanics,
our examination will concern itself with these applications,

When using this method the starting system of partial differential equations
can, in general, be written in any coordinates., However, it is more convenient
to use an orthogonal coordinate system in which one of the curvilinear boundaries,
i.e., the body's contour, is a coordinate curve. Thus, elliptical coordinates
should be used for elliptical contours., In considering contours of general form it
is convenient to use the s, n coordinate system, where s is the arc length mea-
sured along the contour and n is the normal to the contour, In some schemes of
solution using this method it becomes necessary to make some two boundaries
parallel, let us say, boundaries r =r0(e) and r = r.(e). This can be done by intro- /111

ducing the coordinates

r -1,
ST T
1 0
If the integration region is infinite in the physical plane, the former can be
made finite by converting to some new independent variable,

As far as possible, the starting system written in divergence form should
contain known integrals instead of some differential equations. This makes it pos-
sible to reduce the number of differential equations and thus to reduce the number
of computations. It should be noted that mathematically equivalent systems are
not always equivalent from the point of view of numerical solution of their corre-
sponding approximating systems. Hence the starting system should retain those
equations which typify the nature of the phenomenon. For example, in calculating
the supersonic flow around a cone at an angle of attack, when one uses the
spherical coordinates r, e and y, the Bernoulli integral should be introduced in-
stead of the momentum equation in the projection on r, i.e., in the direction of
the main flow, since the two other equations of motion describe a finer and more
important (in this problem) effect, which is the transverse flow,

Selection of the direction of approximation and its form is of great importance
in constructing the approximating scheme in the method of integral relations. It
is found that the solution obtained. here yields a more exact distribution of the
sought functions in the direction of integration of the approximating scheme than in
the direction along which it is approximated. This should be taken into account
in selecting the approximation direction, since the functions may vary in one direction
more sharply than in the other, In all cases the region of influence of the approxi-
mating system should coincide with or be larger than the region of influence of the
starting system.

The integration region can be subdivided into strips either by equidistant lines,
or in the zone of sharp variation of functions the intermediate lines can be made
denser. Usually use is made of 'through' interpolation using values of generating
functions at the boundaries of all the strips (Fig. 1.3a). It is also possible to use
"piecewise' interpolation. For example, the functions can be represented linearly
across each individual strip (Fig. 1.3b), and parabolically across adjoining strips

/112
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(Fig. 1.3c). This permits considerable simplification of the form of the approxi-
mating systems, with the necessary accuracy provided by using a large number of
strips. Such approximations are convenient in solving Cauchy problems (compu-
tation of boundary layers or flows in the supersonic region), and they may be found
more reliable than the "through' approximations in regions with weak discontinuities.
It is also possible to use piecewise overlapping approximations (Fig, 1, 3d).

~ —

SEIS RIS

a b ) c d
Figure 1.3,

It should be mentioned that the system of base functions of the selected inter-
polation formulas should be a Chebyshev system. Usually polynomial or trigono-
metric interpolation is used, The interpolation formulas should make allowance
for the nature of variation of the functions they represent, in particular their
symmetry, behavior at singular points and their asymptotic behavior. For example,
in the problem of subsonic flow around ellipses, which was solved in the elliptical
coordinates E. m, it is possible to use both polynomial and trigonometric approxi-
mation with respect to n. But only in the latter case is it possible to exactly satis-
fy the conditions at infinity.

In describing the generalized method of integral relations above we mentioned
the requirements imposed on the system of functions { f, (y)}. It should also be
added that if the integrands have a singularity in the integration region, then
functions fn(y) should naturally be selected so as to ensure convergence of all the

integrals in the integral relations. Functions fn(y) play the role of "weights" for
integral relations. We also note that the use of functions fn(y) facilitates the re-

duction of the approximating system to canonical form.

The approximating system of ordinary differential equations is, as a rule non~ /113
linear and is integrated numerically by computer using standard programs. No
difficulties are encountered here in the case of the Cauchy problem, while the
solution of boundary-value problems is either reduced to iterative solution of the
Cauchy problem and selection of boundary conditions by interpolation (which is
done by the machine) or by applying iteration schemes (Newton's generalized
method, etc.).

In some cases one must construct the solution in the vicinity of singularities,
Regular singularities are crossed, for example, using appropriate series, If,
however, the region is not bounded and a part of the boundary conditions is speci-
fied at infinity, then one determines the asymptotic behavior of the approximating
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system, which is then "spliced’ to the numerical solution in the finite part of
the region.

Analytic estimates of the convergence and accuracy of the method of integral
relations can be obtained for second order linear equations, their systems, as
well as for some nonlinear hyperbolic [4] and mixed type nonlinear equations.

Let us, for example, consider the problem which models a flow with a detached
bow shock [5],

2707 _ 2
'l -xnul o g
or? ay?

or its equivalent system

gu _ 3 _ .

9y 93 '
al(1-x)ul  ov
—r  *tay =0

with the boundary conditions

(0<z<1,0<y< 1)

8O,y) =0, v(x,0) =0, u(x,1)=x.

If the region of integration is subdivided by lines y = const and then linear
interpolation is applied, the corresponding approximating operator will be written
as an inhomogeneous system of linear differential equations with constant coef-
ficients, The solution of this system is found analytically in any approximation in
the form of finite series.

The maximum magnitude of error (the difference between the exact and
approximate solution) will be of order o (N‘4/3 ), whence convergence of the
method in the given case follows as N+« (N is the number of the approximation),

The main accuracy criterion of the method of integral relations in actual
computations is numerical estimates consisting of: 1) making calculations in
different approximations; 2) making calculations using different numerical schemes
and utilizing approximate representation of functions in diametrically opposite di-
rections; 3) checking of exact integrals, properties of individual exact solutions,
etc.,, which are not used in constructing the starting system.

Experience in solving various gasdynamics problems by the method of integral

relations shows that in the majority of cases a rationally constructed scheme yields
sufficient accuracy as early as the second or third approximations.
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3. Solution of Gasdynamics Problems by the Method of
Integral Relations S

The method of integral relations has been employed for solving a large num-
ber of gasdynamic problems. This pertains primarily to calculation of two-di-
mensional (flat, axisymmetrical, conic) steady gas flows. The problems con-
sidered pertained to internal and external flows in potential motion, vortex flow
of ideal or real gases past bodies in the presence of shock waves, calculation of
the boundary layer at bodies in a flow of viscous gas. Equations describing these
gas flows are of different types, i.e., they may be parabolic, elliptical, hyperbolic
and mixed. I addition the method of integral relations is presently used with great
success in computation of three-dimensional mixed and supersonic flows of gases
about bodies of revolution at an angle of attack, and also in the case of unsteady

flows.

We shall first consider as an illustration the flow of gas at the speed of sound
past a body. The generalized method of integral relations will be illustrated by
means of boundary layer problems and, finally, specific numerical schemes
(including computational results) will be constructed for calculating the flow past /115
blunt bodies with a detached bow shock wave, —

1. Symmetrical flow about bodies moving at the speed of sound

The method of integral relations for solving this mixed-type problem was
developed by P.I. Chushkin [6], who considered the sonic gas flow (incident Mach
number M00 = 1) about flat and axisymmetrical bodies with an elliptical as well as

arbitrary contour. The solution is constructed in the £, n, orthogonal coordinates,
in which

g =T—1,(0); fL:—lwi‘e_,
re(n) T r(e)

where r =1, () is the equation of the body's contour in polar coordinates, Ac-

cordingly, curve & = 0 represents the body's contour, while at infinity these
coordinates tend toward the polar coordinate system, For the case of an
elliptical contour these coordinates are simply replaced by ordinary elliptical
coordinates.

One can isolate in the flow under study (of which only the upper half-plane is
considered) a minimal region of influence, whose boundaries are the axis n = 0,
a part of the body's contour and the semi-infinite characteristics n=7,(¢), whose

shape is not a priori known and which is tangent at infinity to the line M =1
(Fig. 1.4), The flow in this region is potential and is described, for example,
in the two-dimensional case, by the system of equations

IX 9w _ . 9r _dn - 116
aE_,+aT] 0, a-é_;{ v uﬂu)g, V:u)n} _/____

x-H"pu; rwxﬂlpV; K-HH v; p=H,u
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and the Bernoulli integral; here HI and HII should be treated as Lamé parameters

for orthogonal coordinates assumed.

The nature of these equations for the sonic line is different., The boundary
conditions consist of the symmetry requirement at axis n = 0, the requirements
that the normal velocity component at the body become zero and that the sonic
flow be uniform at infinity; in addition, the differential compatibility condition
should be satisfied at the bounding characteristic,

In solving this problem the region of influence is subdivided by the lines

n,€) = Rt €), n - 2,3, LN,

which pass between the bounding characteristic and the axis (see Fig. 1.4).
Integrands X and A in the integral relations are represented with consideration
of symmetry by the following interpolation polynomials:

N N

T n - n n

Xx= I @ cos(h<- , A= I b _ sin{n - ).
n=l " (2 nl) n-:ln 2 nl

The system of differential equations for & will have only one singularity at
infinity which must be entered if integration is carried out starting from the body.
Approximations of this kind ensure the existence, at infinity, of a singularity
corresponding to uniform sonic flow, and thus make it possible to satisfy the
impermeability condition along the entire contour of the body. Thus, the solution
in any approximation is determined upon exact satisfaction of all of the problem's
boundary conditions specified in exact consideration of the region of influence.
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2. TFlow in the boundary layer

The generalized method of integral relations was used by A. A. Dorodnitsyn
and Yu, N, Pavlovskiy [2, 3, 7] for calculation of incompressible as well as com-
pressible laminar boundary layers at plane and axisymmetrical bodies with
allowance for heat conduction and radiation,

The plane problem for an incompressible fluid in the method of integral rela-
tions reduces to solution of a single equation of the form

f7()

%

<]

| eig

g} | 1
4 roufu)du~t [o(T—u’)f " (u)du- — 7 Lfrwydu,
de o o 0

where £, n are Dorodnitsyn's variables; U= %U—; U is the velocity at the outer

periphery of the boundary layer; u is the tangential velocity component, referred
to U(0O<cu<1); © is a quantity inversely proportional to the drag coefficient (the
sought function), upon determining which it is possible to find all the boundary
layer characteristics of interest; f(u) is a "weighting" function. The requirement
put to f(u) is that it tend sufficiently rapidly to zero as u » 1 and that then the integrals
be converging.
It is known that asu -+ 1, © = O(-l—}:?) , consequently {fn(u)} can be represented
by a system of power-law functions (in the N-th approximation):

), =1(1-m"  (m=1,2,..., N

The integration region O0<u <1 is subdivided into strips by lines w = const, and the

integrands are approximated as

N-1 K-1
o~—1_z Au" la(i-w z Buw",
— e n
n=0 n=0

The integral relations constructed for each of the functions fn(u), upon substitution

in them of the above representations, yield a system of ordinary differential
equations in g, for which the Cauchy problem is solved, for determining €, (n =
0,1,2, ..., N-1).

Algorithms of numerical schemes of the method of integral relations will be
described in more detail later on, in examining problems of supersonic flow past
blunt bodies and in calculating boundary-layer flows.
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PART II., THE METHOD OF CHARACTERISTICS

The method of characteristics is used extensively for calculation of hyperbolic
problems of mechanics of continuous bodies. These are unsteady and steady
problems of gasdynamics, the theory of elasticity, etc.

We shall not consider in this review numerical schemes developed for calcu-
lating unsteady one-dimensional problems, since this was dis¢ussed in the pre-
ceding lectures, Here we shall be concerned with construction of algorithms of
the method of characteristics for computation of two- and three-dimensional super- /118
sonic steady gas flows. These include flows inside of the nozzles, as well as
various problems of external flow, We shall consider flows of an ideal gas with
constant specific heats, as well as flows with chemical reactions and radiation.

1. Development of the Method of Characteristics

The method of characteristics for numerical integration of hyperbolic
equations was suggested as far back as over sixty years ago by Massau. Specialists
in gasdynamics developed the method of characteristics virtually anew and pri-
marily for calculation of steady-state two-dimensional and unsteady one-dimen-
sional gas flows. Important contributions were made by F.I. Frankl, R, Courant,
K.O. Friedrichs, A. Ferri, A. A, Dorodnitsyn and others.

The advent of computers made it possible to sharply increase the number of
computational points and at the same time to use the method of characteristics in
its most general form for computation of supersonic gas flows with physical and
chemical transformations, and most recently for calculation of general three-
dimensional flows. A large contribution to the development of the modern method
of characteristics was made by Yu.D. Shmyglevskiy, O.N. Katskova, ¥, E, Ehlers,
P.I. Chushkin, V.V. Rusanov, A.N. Krayko, I.N. Naumova, K. M. Magomedov,

V. B. Minostsev and others [8-20].

A few words on the properties of characteristics. As is known, weak
disturbances in hyperbolic regions propagate in the flow along certain lines (sur-
faces), which are termed characteristic. These are Mach lines in two-dimensional
flow and conical-type surfaces (conoids) in three-dimensional flows, A line (sur-
face) is a characteristic if it is impossible to uniquely define the derivatives of
all the sought functions on this line (surface). This is due to the impossibility of
solving the Cauchy problem with boundary conditions for such a surface, It can be
shown that using some linear combination of starting equations for the hyperbolic
region one can attain a situation whereby these equations will contain only internal
derivatives along characteristic surfaces, and will not contain derivatives which
lead us beyond the ensemble of characteristics.

The use of this mathematically equivalent system for constructing the numeri- /119
cal algorithm has its advantages over other numerical methods: the equations to
be solved become much simpler at the characteristic surface; the solution's
domain of dependence is exactly taken into account in using the characteristic grid;
in addition, the method of characteristics has a high degree of mathematical rigor
(the existence of a solution and convergence were proved for it). Due to these
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circumstances the method of characteristics has been extensively used in solving
hyperbolic problems,

Numerical schemes of the method of characteristics in two- and three-di-
mensional problems are constructed as purely characteristic schemes (the
region of integration is covered by a curvilinear characteristic grid), as wellas
numerical schemes in which computations can be carried out "by strips.!" We
shall attempt to describe these approaches below, We start with presentation of
the two-dimensional method of characteristics for solving steady supersonic
problems of gasdynamics in the general case of nonequilibrium flows.

2. Two-Dimensional Characteristics

1. Nonequilibrium flows

Following A. N, Krayko [12] we consider steady-state plane (v = 0) or
axisymmetric (v = 1) supersonic flow of an inviscid and thermally nonconducting
gas in the nonequilibrium case. This flow is described by continuity, motion and
energy equations

M v vpv L90 g 04 ,ou 197 o
P tPayty T =% YatVaytear =
yov 190 o dh_1dp
LA s =0 =35
ax ay e ay dt e dt

which interrelate the velocity components u and v (along the x and y axes
respectively), density p, pressure p and specific enthalpy h; x, y denote a
Cartesian coordinate system.

Let the thermodynamic state of the gas be defined by the pressure p, tem-
perature T of the translational degrees of freedom of some gas component, and n
variables g (ql, cees qn) describing irreversible processes., The mass concen-

trations, energies of internal degrees of freedom, etc. can be used as variables
g. We postulate that the variation of q is represented by the expression

dq. ;
%-Fi(p,T,q)5‘Pl(p’qu)ri(p’T'q) (i" 11 "'7"),

where F; cpi and fi are known functions of p, T and q; functions ¢ are related to
the rates of the physio-chemical processes; here the applicable variables q; are

"frozen" for ¢¢= 0 and are at equilibrium for cpi =, In accordance with this
the equilibrium values of q; are defined from fi(p’ T, q) =0. These equations

describe a wide range of processes: chemical reactions, excitation of internal
degrees of freedom, change in translational temperatures of various gas com-
ponents, etc,
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Let the equation of state of the gas ¢ = ¢(p, T, g) and an expression for the
specific enthalpy h = h(p, T, q) be also known,

The starting equations will be solved in the Cartesian coordinates x, y.
We shall use dimensionless variables, taking as the characteristic reference
variables some linear dimension, velocity Voo and density ., (in infernal problems

these can be the velocity and density of the incident flow), as well as the gas con-
stant of some gas R_. Variables q should be reduced to the dimensionless form

with consideration of their physical meaning.
Let us take as the principal unknown functions the following quantities:
, 2
Letgl £w !2-—1 , where 8 is the angle made by the velocity vector with the x
a

axis, * ¢ is the "frozen" speed of sound, defined as

Here and in the following, letter subscripts of ¢ and h will dentoe the applicable
partial derivatives.

In the case of supersonic flow there exist three families of real characteristics:

two families of Mach lines (characteristics of the first and second families) and
the streamlines (¥ = consl.).

The characteristics of the first (using the upper sign in the equations) and
second (lower sign) families are defined by the expressions

2.1
dy:-p— = dx, ( )
B+L

dy = gVy_~(1+§ ) dy; (2.2)

Br+1 ’

(1+C.. ) (pTh )F

1 dgt_p_dp_ VE_., - Y dy 0, (2.3)

14¢2 pV2 gl | Y h pV

with tensor notation used in the last equation and summation over i understood
(for repeated subscripts): v = 0 or 1, respectively, for the two-dimensional or
axisymmetric cases,

*It is assumed that in the flow region under computatlon 8 # n/2 (if the contrary
is true, then ¢ is replaced by the expression .= cot §).
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We note that special cases may arise in using these equations when the angles
of inclination of characteristics of the first and second families will either tend
to 7/2 (i.e., p~t+0 and + £+ 0), or tend to zero (i,e., BL + 120 and ¢ - 1-0),
In these cases the possible singularities can be eliminated by multiplying the equa-
tions by appropriate multipliers.

The following relations are satisfied at the streamlines

%
F;(1+¢?) (2.4)
et 27 dx=C; dI;
dqi v X i
dT+de+E‘-dqi =0; 2. 5)
Vih=h (y) '
~2—-+ = ~0(\P »
Php'—l hé
where D = T i E;= h—‘-; hy (v) is the total enthalpy of the gas which is a known
PIT T
function of y. The sought functions here are x, y, 8, ¢, y, p» Tand q.
c
For a perfect gas (y. = EB = const> these equations have the form [8-9]:
v
£zl
d = dx, (2.6)
y R3S
2 2 2y4 2 2.7)
L 281+ ) dpsv t(+g7)dy  B(1+8 )2 ds =0;
(e+ D14 82)1 +kB) BLtl ¥ x(e-1X14£°)
/ 2 2
- 2.8
d7o sy’ YUrP XI+§1/(;k)dy; (2.8)
(@gtl)(,};wi’)
S = S(‘P))

where o is the Mach cone angle, k = 3‘-“—i~ , ¥ is a function related to the streamline
n4
function y as

47 = V=D | S/(x=1) dy; (2.9)

and § = ln% is the entropy. The sought functions here are x, y, g, ¢, ¥, and

S. Although these equations appear to be more complicated than those usually
used, where o = arc tan Wx/wy and o are used instead of g and ¢, they do not

contain trigonometric functions, which provides a substantial economy (several
fold) of machine time,
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In using the method of characteristics one has to solve a number of elementary
problems: the point in question here may have to be computed in the field on the
body, on the shock wave, etc. Here the sought point lies at the intersection of
lines which are definied either by differentialor finite [difference] relations.
These lines may for example, be characteristics, streamlines, shock waves,
etc. The advantage of the method of characteristics consists in the fact that the
characteristic equations contain only derivatives along the characteristics proper;
these are written in difference form along the characteristic grid and the entire
field of flow is computed step by step.

Usually one uses a method of characteristics in which a differential equation
in the form

zA,-dZ,- =0,

which is valid at some line ab is replaced by a finite difference equation of
second-order accuracy

1

The system of algebraic equations thus obtained is not solved explicitly, but is
transformed for numerical computation to a form convenient for calculation by
the method of successive approximations.

Two schemes of the method of characteristics have been most completely de-
veloped. In the first [9] the characteristic grid is constructed in the course of
computations as the intersection of characteristics of two different families, i.e.,
the (x, y) coordinates of the points of intersection are calculated simultaneously
with the flow variables. In the second approach [14] the calculation is carried out

"by strips', bounded by lines X and X + AX ; here the segments of characteristics

within each strip are drawn in such a manner that at x; + Ax they pass through
points with some given value of y.

2. Solution of elementary problems

We shall now consider briefly the solution of elementary problems using both
schemes having, for simplicity, reference to a perfect gas (x = cp/ c, = const),

Scheme I (characteristic grid) [8-13]

1. Calculation of a point in a field. To determine quantities { x, y, g, ¢, ¢}
in point 3 from known values in points 2 and 1, Egs. (2.6)-(2.8) are written in
difference form along characteristics 2-3 and 1-3 (Fig. 2.1). The magnitude of S,
the entropy, in point 3 is found from S=S(y), which relationship is determined at
the shock wave, while the value of function ¥ is determined in terms of ¥ from
Eq. (2.9). The system of difference equations [thus obtained] is solved by
iterations; here in the first iteration the values in point 3 are determined from
those in point 2 (or 1), and then average values between points 2-3 or 1-3 are
taken. Usually three iterations are sufficient,
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The situation is more complicated in the nonequilibrium case [12]. Quantities
{x, y, v, p. ¢} in point 3 are found from Egs. (2.1)-(2.3) written in difference
form. Knowing y,, we find point 4 as the point of intersection of the streamline

(arriving at point 3) with a known segment of characteristic 1-2' (Fig, 2.2). The
variables in point 4 are determined by quadratic interpolation for the value ¥, = V3
from known data on characteristic 1-2', Then, from Egs. (2.4)~(2.5) written

in difference form along streamline 3-4,

- 124
93 9,4 +Ci(xy=-x,), /124
i4

T,-T,-D(p, -p)-Eq, -4

we find 1qi ,T1 in point 3. And then from equations

p=p(D, 1, Q): h=h(P:T:q);

e 2
2. Pp * l(% - }xp); W? +h = hy (y)

h'l'

we find{p,h,c,W} in point 3,

Figure 2, 1, Figure 2.2,

As equilibrium is approached the convergence of this method detoriates (due
to the difference representation of Eq. (2.4)), requiring a significant reduction
in the integration step, and this involves large expenditure of machine time, The

point is that the equation for Ci contains the quantity F; = q;if ; and close to equi-
librium the values of fi are close to zero and are very sensitive to changes in
temperature T and in corresponding variables 9, (a small error in determining T

3
and g at the preceding iteration results in a large error in the following iteration
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for djg» which leads to increased error in determining T3, etc.,). To eliminate
this, fig is expanded in a power series in Qi3 ~ 95y (the two first terms of the

series suffice)., This difference form retains second-order accuracy, converges
independently of the state of the flow and tends to the corresponding equilibrium

state as ¢¢+ ., The computation of purely equilibrium states is also not free of
difficulties. This is discussed in more detail in {10, 11, 13].

2. A point on a body with contour y = f(x) is also computed by iterations, using
the impermeability condition, here in each iteration the body's contour is approxi- /125
mated by the tangent at point 11, where xll = xg. The unknown functions here are
X, y and g (Fig. 2.3).

3. Point 3 at shock wave 0-3 is computed by selecting the tangent of the angle
made by the shock wave (tan o), from satisfaction of the compability condition at

characteristic I of family 1-3, using known relationships across the shock
(Fig. 2.4).

y=fla)
Figure 2. 3. Figure 2. 4.

Scheme II (computation "by strips') [13, 14]

This scheme is illustrated by axisymmetrical flows of a perfect gas. Let the
body's contour be specified as y = yT(x). The solution will be obtained in
y _y'l‘
) Al
Using again the sought functions ¢, B, § and eliminating y from the preceding
equation, we get

variables x, £, where € = (y = y,(x) is the equation of the shock wave).

Y=y = Y)E+ Y,
and instead of Eq. (2.8) we shall use

de 1 o ,
E=YT[§"(YB"YT)E'\‘"YT]'

B T

The computing scheme is described below.
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Let the values of sought functions at a number of points £ = E; = const (i =...
n-1 nn+1, ...) be known on some strips x = x, located between the shock
wave (£ = 1)and the body(¢ = 0) in a supersonic flow. It is required to determine
the values of the sought functions for the same values of £ = £;, but in the strip %
+ AX, The same elementary problems are [then] solved, but in variables(x, &).

s

The computation is started from a specific point 3 on the shock wave and is
carried out by selecting values of tan o=y’ (contained in the equation) so as to
satisfy the compatibility condition at characteristic I of family 1-3 (Fig. 2, 5a).

In calculating point 3 inside the field the values of the sought functions are
specified in it approximately, and then characteristic I of family 1-3, character-
istic II of family 2-3 and streamlines 4-3 are extended outward from this point,.
The values of sought functions in points 1, 2 and 4 are determined by interpolation,
and then the quantities in point 3 are adjusted (Fig. 2. 5b).

£=1
- ned ned,
aef I-- I 2~ §

11" E=const al TSs< 3

n === Q.\ 1
-1 n-i'{’/ I 38 T 3L

z, x8x I ERTY I Pyt x
a b c
Figure 2, 5.

To calculate the body's contour in point 3 (single wmknown quantity ﬁs) one

uses the appropriate difference equations along characteristic II of family 2-3
(Fig. 2.5c).

In all cases the values of sought functions in the intermediate points 1, 2 and
4 at strips X, are found by quadratic interpolation between the points n - 1, n,

n +1, The magnitude of step Ar iscoordinated with that of Ag on the basis of
stability and accuracy of the computational scheme,

This scheme requires somewhat more machine time than scheme I, but has a
number of advantages: a) herethe coordinates of points of intersection are knownfrom
the start and need not be stored in the computer memory; b) the computational grid
can be easily changed in the process of computations, which makes it possible to
select in the most advantageous manner; c) the starting data are here read out by
sections x = const, which is very convenient in practice; d) this scheme can be
conveniently combined with the finite-difference method, for example in computing
three-dimensional problems,

When using the method of characteristics the computations become complicated
near the sonic line, Here it is necessary to first move away from this line by some
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other methods (for example, by series), and only then apply the method of char-
acteristics. However, these problems are not discussed here, since they are
quite satisfactorily examined in previously mentioned references. Below we
present examples of calculations using the method of characteristics. More de-
tail can be found in the cited references,

3. Some calculated results /127

The method of characteristics has been widely used to solve a large variety
of steady-~state two-dimensional supersonic gasdynamics problems, These per-
tained to flows inside nozzles, as well as flows past bodies, Ideal gas flows, as
well as equilibrium and nonequilibrium flows of real gases were considered.
These problems are best solved by computer using the method of characteristic
when using specially compiled sufficiently general programs. The latter should be
suitable for computing a given class of problems (nozzle flow, flow past bodies)
for different geometric parameters, incident-flow Mach numbers and for gases
with different thermodynamic properties. To illustrate the method of character-
istics we now present some results for supersonic gas flows obtained in the Com-
puting Center of the USSR Academy of Sciences.

O. N. Katskova and Yu.D. Shmyglevskiy [9] computed the axisymmetrical
flow of a freely-expanding perfect gas with a plane transition surface., This flow
is partially attained in a nozzle if its generatrix has a sharp corner in the throat
cross section, and occurs in a region covered by a fan-shaped pattern of character-
istics, emanating from this sharp corner., The solution in the immediate vicinity
of the transition surface was found analytically by series expansion, while the
method of characteristics was applied to the remaining part of the nozzle. De-
tailed tables were computed for this axisymmetric flow for an ideal gas with dif-
ferent values of the ratio of specific heats.

O. N. Katskova [11] also extended the solution obtained in [9] to the case of
a real gas in thermal equilibrium, Figures 2.6-2.7 show some computed re-
sults for this case, The real gas considered was hydrogen, the temperature and
pressure at the transition surface were taken as 5000°K and 1 atm, Figure 2.6
depicts three different streamlines, while Fig. 2.7 shows the variation in M along
the flow axis, Here the solid lines denote results for equilibrium flow of hydrogen,
while the dashed lines show, for comparison, results of calculations for a perfect
gas with various values of the ratio of specific heats 1,

Still another example of computations using the method of characteristics in- /128
volves nonequilibrium flow of dissociating oxygen in the expanding part of axisym-
metric nozzles with a sharp corner in the contour. These calculations were
carried out by O, N. Katskova and A, N, Krayko [12]. A diagram of this type of
nozzle is shown in Fig, 2.8, Here AC is the nozzle contour, AD is the initial
and AB is the final characteristic of the acceleration portion of the nozzle (i.e.,
of the fan of rarefaction waves emanating from point A in the aforementioned
corner), and BC is the closing characteristic, It was assumed that the flow in the
initial section (x = 0) is at equilibrium, with the following constant variables: /129
T, = 5000°K, p, =1 atm, M, =1.001. The constant direction & = 0° of the velocity
vector was specified at characteristic BC, and M = 5 was given in point B.
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Figure 2, 6.

«co Hm 16675 — 0~ x=ld; — — —n=1.14; ‘real
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Figure 2. 7.
¢ o #=1667; o —x=14;5 - -~ x=1,14
real gas,

The calculated results are shown in Figs. 2.9-2, 12, Here the continuous
lines pertain to nonequilibrium flow (here numbers 1, 2, 3 denote respectively the
results for nozzles with initial-section radii y, = 0.5, 2 and 8 cm), the dashed
lines pertain to frozen flow (degree of dissociation q is constant), and the dash-dot
lines are for equilibrium flow. All these calculations were made for the same
temperature, pressure and inlet velocity., Changes in the relative temperature
T/T, and in q along the axis of accelerating segment are shown in Figs. 2.9 and
2,10, respectively, while the variation of the same quantities along the nozzle
walls is depicted in Figs, 2.11 and 2.12, The graphs show substantial differences
in results for the nonequilibrium, frozen and equilibrium flows.
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Figure 2.9.
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Next we present examples of computations by the method of characteristics of
external problems - i.e., problems of supersonic flow past bodies. P.I. Chushkin
and N, P. Shulishnina [21] carried out a number of computations for axisymmetric
flows of ideal air (x = 1.4) about blunted cones, with different apex half- angles
w, blunt nose shapes, and Moo’ the Mach numbers of the incoming flow, Calcu-

lations by the method of characteristics were carried out from some ray in the
supersonic region, at which the initial data were taken from tables of O, M,
Belotserkovskiy's numerical solution [22], obtained by the method of integral re-
lations. Some results of these and other calculations are presented below.
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Figure 2. 13 shows the pressure distribution at the surface of blunted wedges
(dashed lines) and cones (continuous lines) with different values of w at M00 =4,

The pressure here is referred to Pys the stagnation pressure, and the distance to

the stagnation point along the x axis of the body is referred to R, the blunt-nose
radius. The left branches of the curves correspond to blunted shapes, The graph
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also shows horizontal dash-dot lines, which denote the pressures of corresponding
nonblunt edges and cones.

/132
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Figure 2.13.
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Figure 2, 14.

The flow past a cone with w = 5° and cylinder with w = 0° with spherically
blunted noses at M00 =00 and x = 1.4 was also calculated by the method of character-

istics by strips [14], The results of these calculations are depicted in Fig. 2.14, /133

which shows the pressure distribution at the body (continuous lines) and the shape
of shock wave (dashed lines). These graphs also contain points dentoing correspond-
ing values calculated by the ordinary method of characteristics.
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I. N, Naumova also used the method of characteristics for calculating equilibrium

flow of air past blunt cones. The blunting consisted of a sphere, and the initial
data were taken from [23]. Figures 2.15 and 2. 16 show the distribution of tem-
perature T and Mach number M at cones with angles w = 20 and 0° (cylinder) and
-20° (reversed cone) for the case of M00 =6, Py = 1 atm, T00 = 300°K.

1000 4

0 5 L 0 5 Lo
Figure 2. 15. Figure 2. 16,

3. Three-Dimensional Characteristics

I shall present here briefly only the idea of numerical schemes which quite
recently produced interesting results in calculation of three-dimensional gas flows.
Here one has the purely characteristic approach and the so-called "quasicharacter-
istic" method. The latter is so called because in it the functions are first esti~
mated with respect to one of the variables (angular); this yields an approximate
two-dimensional system of equations which is then solved by the ordinary method
of characteristics simultaneously over all the interpolation planes, The work con-
sidered here was carried out by K. M. Magomedov [17] (first approach) and O. N,
Katskova and P.I, Chushkin (second approach).

1. The three-dimensional method of characteristics

The main difficulties in using schemes of the three-dimensional method of
characteristics is the absence of a unique interpretation of the characteristic re-
lations, We now consider the principal tenets of the three-dimensional method of
characteristics.

Following [17], we use as the sought functions the pressure p, entropy S and

-
angle g and v of the velocity vector V = Vicos 8, sinBcosy, singsiny} in the cylindri-
cal coordinate system z, r, . Then the equation of motion of a steady inviscid
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thermally nonconducting gas flow can be written in the form

-+ d 2 -» .

k,vB+sin §k3VY+M =1 klvp-_m-il; (2.10)
pV? r

klvﬁ+;—;—2k2vp=0; (2. 11)

-+ - N Y
'SinﬁleY + %2 k3Vp = — sin fsm Y ; @. 12)

P

k ,vS =0, (2.13)

where ¢.V? and M are functions of p and S; k vf-= k. jgrad £ = df/ds is the derivative

of f along k, ; » while the unit vectors k i=1, 2, 3) form the local CarteSIan co-
ordinate system

k1=!cos[r3, singcosy, singsinyl;

4

k2 = {—sin f, cos BcosY, cos@siny};

}?azio, —siny, cosyl.

We now reduce Eq. (2.10)-(2.13) to_the characteristic form. This system
contains derivatives in three directions k; (i=1, 2, 3). We now ask whether it is
possible to reduce the number of directions along Wthh derivatives are taken by
some linear combination of Egs. (2.10)-(2.13). The answer to this question has /135
immediate pertinence to finding of characteristics (2. 10)~(2. 13), since some linear
combination of starting equations at the characteristic surfaces does not contain
derivatives which go beyond this surface.

We now consider Egs, (2.10)-(2. 13) at some fixed point of the flow, Multiplying

each of them by « ,( z w # 0) and summing, we get expressions such as
J=1

- -» -» -»
Q VB + Q,VY +2,VP +Q,98 = F,.

The condition that all the ?1 lie in the same plane, which is tangent to the character-
istic surface with normal n, is written as

ﬁ?zi-.o (j=1,2,3,4).

The necessary and sufficient condition for existence of a nontrivial solution of this
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homogeneous system of linear equations in w (zero equality of the determinant)
has the form

n 2(M%n —1) 0, (2. 14)

where n; =#k; (i = 1, 2, 8). The surface a normal to which satisfies this con-
dition is a characteristic surface since, according to Eq. (2.14) there exists at
least one linear combination of Egs. (2,10)—(2, 13) which does not contain
derivatives going beyond this surface.

Equation (2. 14) yields two types of characterist'wf: 1st root: n, = 0, along

the streamline; all the planes passing through vector V are characteristic planes

(ny
n,=t¢ %4- = ssino_ along the bicharacteristics forming a conoid (Mach cone) in the

-
supersonic case (nV = +Vsinx defines the cone of characteristic normals),

We note that condition n, = sin « is satisfied by the family of characteristic

normals forming the cone of normals
- e d g -
N x=sinak 1t cosa{-sintk 9+ costks) R

where t ranges from 0 to 27.

The corresponding bicharacteristic directions
- -+ . -»
% =cosak, +sin a(sintk,- costk,)

form the Mach cone. The solution of Eq. (2.14) for such 1 has the form

wl-sina; wz-cosasint; w, = —cosacost; w4=0.

3

Linear combination of Egs. (2.10)-(2. 13) with these multipliers yields the com-
patibility condition along the wave bicharacteristic < (t )

sint‘-i—‘g—wL M ~1 dp Sin?:CUStg—!-fE:
ds pV2 ds ds T
2.15
—sin o costd—p—+sin(i‘sint‘h R ( )
do do
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S

d - -
where a% is the derivative along o, while df/ds is the derivative along ©. Vector

slt) = costk2+ sint!;: 3 is perpendicular to velocity vector i” and to bicharacteristic

Z(t). ¥ we select a plane containing T and o, then Eq. (2. 15) can formally be
treated as a characteristic relation (compatibility condition) at the characteristic
surface tangent to this plane.

Condition n, = 0 is satisfied by the family of characteristic normals n(t) =

sintl-:’?_ - cost!.zs. t € (0,2n]. The corresponding solution of Eq. (2.14)

w = 0; uo2=cost; w3=sint; w4=0

1

makes it possible to obtain the compatibility condition along streamline El

: 25 5 d
cost dg +sin @ sint a‘i—Y—+Er~‘—-¢-si——I sint = — _-_1..2 a% .
S0 So v (2.16)
The constant-entropy condition
a8 _o.
ds, (2.17)

is also satisfied along the streamline (wl =Wy T Wy = 0, wy = 1).

Thus, the starting system of equations (2. 10)-(2. 13) has thus been reduced to
the characteristic form (2. 15)-(2.17), An infinite set of bicharacteristics
passes through each point of the supersonic flow and compability conditions (2. 15)
are satisfied along each of the former (along streamlines (2. 16) and (2. 17)). How-
ever, it should be remembered that the number of independent conditions cannot
exceed the number of starting equations (i,e., four).

Thus, the compability conditions for three-dimensional steady flows contain in-
ternal derivatives along the nonbicharacteristic direction &(t).

Some interpretation and the corresponding difference form of Eqs. (2.15)-
(2.17) serve as a basis for selection of a given numerical method. The large
number of schemes is due to selection of t and different forms in which Eqs. (2.15)
and (2.16) are written, which can then be differently interpreted.

We consider the two-dimensional scheme., In the axisymmetrical (or plane)
casey = 0 and, if we take t = 7/2 and t = 3/2 7, then Eq. (2. 15) does not contain
its right-hand sides (Eq. (2. 16) is identical to zero) and we shall have known
compatibility conditions along characteristics of families I and II. Together with
Eq. (2.17) we get a total characteristic system and unique interpretation, i.e.,

ordinary differential equations along the characteristic curves; here the compatibility
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condition depends only on its characteristic directions., Here there are no difficulties
in selecting the numerical scheme, since Massau's classical scheme is used any-
way.

While condition k, i = sina(ork, il = 0) in the two dimensional case defines only
the characteristic curves, in the three-dimensional case the characteristics may
be of a large variety, such as a characteristic surface, conoid, bicharacteristics,
or, in a given point, respectively, planes, Mach cone and the latter's generatrices.

We now consider Eq. (2. 15) for three values of te[0,2d (t, <t,<t,). We draw

through the given point A of the supersonic flow the Mach cone (7 = T,+s<(t ), S
and t being the coordinates of the cone's surface) and three planes tangent to the
cone (Fig. 2.17), Tangency will exist, by §eﬁnition, along the generatrices of

cone Ai’ i.e., along the bicharacteristics < (t), One can consider two schemes

with tetrahedron AB1B2B3.

Figure 2. 17,

1. The direct tetrahedral scheme, Let all the variables in point B1B2B3 be

known. Knowing directions 3 (t;) for example, Bij i, §=1, 2, 3), we can find

ti and the characteristic normals n(ti) of planes ABiBj' At the intersection of the /138

corresponding planes we find the sought point A, the variables at which are deter-
mined from Eqs. (2.15) in difference form at tl, t2 and t3 and from Eq. (2.17),

expressing the conservation of entropy along the streamline, This scheme was
developed by V.V, Rusanov in 1953 [15], and was recently used by Yu. N.
Podladchikov [16].

2. The inverse tetrahedral scheme. Let the coordinates of computed point A
be known. Selecting quite arbitrary values of ti i=1, 2, 3) (but in such a manner

that they would uniformly extend over segment [0, 27 ]) we drop characteristic
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planes onto the closest surface where the solution is known. All the hydrodynamic
function in point A are found by determining the variables and derivatives along
direction 5 (t;) from data at this surface and by writing Eq. (2.15) in difference
form (der1vat1ves with respect to & can be determined from polynomials of through
approximation on the plane, as this is done, for example in [20]),

Other schemes, based on a different interpretation of Eq. (2. 15) are poss1b1e
However, in all these schemes the derivatives at nonbicharacteristic directions o
are replaced by finite-difference relationships. This raises many questions of the
proper allowance for the region of influence, on the advantage of these methods over
ordinary net-point methods, etc.

3. The characteristic scheme, To provide a more natural interpretation of

Eq. (2.15), we shall first prove the following assertion. Starting equations (2,10)- /139

(2.13) for M > 1 at a given point can be transformed in such a manner that the sys-
tem thus obtained will contain derivatives only along bicharacteristic directions,

In fact, let us consider the bicharacteristics att =0, 1:

T, = cosa;l+(—l)isina£3 (i=3,4).

‘ .

Then

2 Ta-7y  df 2 1 [df df
k3-2sina ! ZE: 3vf’2sina<—__~—

ds, ds

Taking Eq. (2.15) att =2 and ¢ =% 7, Bq. (2.16) att =T, as well as Eq. (2.17),

and substituting the values of ic into these equations, we get a system which is

[¢]
equivalent to the starting system (2. 10)-(2. 13) and which contains derivatives only

in the bicharacteristic directions fz'l and :{i’ i =0,1,2, 3,4, (%'3(0), T4(m),

4(5). %(34):

_4_@_ _(__ll___d.P___(—-l) smﬁsma[ SY+ 1 (.ql___dlﬁ
. T

ds; PVztga ds; 2sina\ds, ds
(2. 18)
dy sin? Bsiny 1 _d_p___d_p_ . .iS_-O.
sin B s T r T (ds ds,/ ds
So Pv 2sin & 4 3 0 J

In light of the above we shall now present a new interpretation of characteristic
relations (the K, M, Magomedov scheme [17 ]), We consider a given point A,
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located at small distance h downstream of a three-dimensional type surface, at
which the variables are known (Fig. 2.18). Replacing the derivatives in Eq. (2. 18)
by equations ""backwards' along bicharacteristics Ai(i =1, 2, 3, 4) and streamline

AO, we get an explicit difference scheme approximating the initial differential

equations to with O(hz) (scheme of first-order accuracy). To obtain second-order
accuracy we could have used points of a new plane P, the former being close to

point A, but this makes the scheme implicit and has little in common with the meth- /140
od of characteristics, —

Figure 2, 18,

K. M, Magomedov showed that in order to calculate a point at a shock wave and
at a free surface it is necessary and sufficient to make use of only a single combi~
nation of gasdynamic equations, containing derivatives passing beyond the surface
being considered, for example, a characteristic equation only along a single bi-
characteristic. The numerical algorithm of calculating boundary points in this
scheme, as in the two-dimensional method, markedly simplifies the scheme and the
only unknown is determined by Newton's method,

The method's stability is ensured by the fact that the variables at points of
intersection of characteristics with the preceding plane are determined by interpo-
lation nodes, lying outside the domain of influence shown in Fig, 2.18, Actual
calculations showed that linear interpolation should be used.

The programming logic is sufficiently simple and the computations are similar
to those for the two-dimensional problem. The principal difference of this method
is the need of interpolation from two variables at the preceding plane, /141
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In conclusion we consider a question pertaining to construction of a specific
computational scheme. Obviously the selection of dependent variables is of great
importance in any numerical method., Inftroduction of angles g and v at the start
was found inconvenient in [17], since this produces a singularity as g » 0. Re-
placement of the direct components of the velocity vector, pressure, density and
entropy contained in the starting equations with tangents of the two angles of the
velocity vector, pressure and enthalpy reduces the number of unknowns, simplifies
the arithmetical expressions and is a natural generalization.of two-dimensional
variables, In addition, these variables are most convenient when allowance is
made for equilibrium physico-chemical transformations,

Using the three-dimensional method of characteristics and employing this
scheme, K.M, Magomedov calculated three-~-dimensional flows around bodies of
different shape (sharp and blunt bodies of revolution at different angles of attack o,
delta wing with blunted edges, etc.). Some results of these calculations are
presented here (Figs. 2.19-2.23).

rﬂ
0,3
021 ¥=90°
= o
0.4 S(PJBO
0.1 1 - —

0 2 4 & & {0 {2 # 46 418 22 %
Figure 2. 19.

o

Figure 2. 19 shows for the case Moo =, »=1,4, =5, w= 9930" the pres-

sure distribution at blunted circular cones p 0 (continuous lines) and p 1 (dashed

lines) along three generatrices ¢ = 0, 90 and 180°, as well as the parameter of the

w
Wzev?’
tained by Yu. N, D'yakonov [24] by the net-point method suggested by K.I. Babenko
and G. P. Voskresenskiy [25] (points and crosses). We note that the variables used
in practical calculations were n and &, differing from those considered in [17],

This figure also shows data ob-

circumferential velocity component Co =

) w
thatis =5+ L = ——=—==.
U \/u2+v2
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Calculations were also made for hypersonic air flows past cones with allowance
for equilibrium physico~chemical transformations. Figure 2, 20 compares the
applicable data with results obtained by V.V, Lunev and V. G. Pavlov (V00 = 7500

m/sec, MoO =23,5, o = 00) by the ordinary two-dimensional method of character-
istics (points).
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Some results of numerical solution of the more complicated three-dimensional
problem, i,e., flow past a delta wing with cylindrically blunted edges and with a /142
spherical nose, are shown in Figs. 2.21-2.22 (M_ =6, * = 1.4, x = 700, a = 0°),

The pressure along the wing's lines of symmetry is shown in Fig, 2.21. It is seen
from Fig, 2.22 (where the shock-wave shape is shown) that the shock wave remains
axisymmetrical at a sufficiently large distance from the nose. The complicated
flow pattern is due to interaction of the axisymmetrical flow about the spherical
nose and the flow emanating from edges at the flat part of the wing.

o9
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0,021
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Figure 2,23,

Figure 2,23 shows the distribution of pressure p0 and the cross section R of the /144

shock wave by meridional planes ¢ = 0, 90 and 180° at an elongated cylinder with
a sharp nose (» = 1,4) with Moo = 5 at angle of attack o = 5°, As is seen from

this graph, the pressure minimum at elongated bodies for specific values of x is
found at ¢ < 180°, A similar pattern exists also at the cylinder with a spherical

nose,

2, The "quasicharacteristic't method

In conclusion we shall describe the idea underlying the construction of the
"quasicharacteristic! method developed by O. N, Katskova and P.I. Chushkin [ 18],
and shall present some results of calculations of three-dimensional flows,

Flows past axisymmetric (or similarly shaped) bodies are most conveniently
considered in the cylindrical coordinate system (r, x, y). We "straighten out' the
region between the body and the shock wave, by replacing r with a new independent
r—r,
variable € =

’B

the variables (£, 1, y).

- (Fig. 2.24). The starting system of equations is then written in /145
T
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Figure 2. 24.

The three~dimensional system of differential equations is now reduced to its
approximating two-dimensional system, by eliminating derivatives with respect to
y. For this, in region 0 <y< = we draw ] + 1 meridional planes located at equal

distances y from one another ¥ = ¥, = kl—“ (k=0,1, ...,1)., Then functions

under the derivative sign are represented by interpolational trigonometric poly-
nomials, using the above meridional planes as interpolation points.

For odd surfaces we have

l-1
F(x, 8, )= 2 a,(x, g)sinke,
k=1

for even surfaces

~ l
F(x,E,y) = = bk(x,g)coskg,
k=0

where the values of ay and bk depend on the values of the approximating functions

at the meridional planes., From these representations we get expressions for

. [eF aF
derivatives (3 ‘*‘)k and ( 3y >k'
Substituting into the starting system of equations, we get an approximating

system of partial differential equations in x and £, The dependent variables will
here be the values of the sought functions at planes y = Vi,
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The above system has two families of real characteristics., Still another
family of curves, which can be conditionally called "streamlines’ (by analogy with
streamlines of axisymmetric flow) will also have characteristic properties.

Using the scheme of the {two~-dimensional method of characteristics "by strips”
x = const, the approximating system is solved numerically at a number of points of
intersection g = const simultaneously in all the meridional planes ¥ =y, »

The computational scheme is as follows: a) characteristics and "streamlines"
are generated from the nodes onto the preceding strip. The values of the functions
at the points of intersection at the preceding strip are determined by quadratic
interpolation. The characteristic equations are written in difference form. b) /146
Calculations are started from the shock wave g = 1, where equations of character-
istics of the first family and relationships at the shock wave are used. Then
internal poinis of the field are considered, and finally, points on the body £ = 0,
where equations of characteristics of the second family and the impermeability con-
dition are used.

The implicit scheme thus constructed has the important advantage of being of
the second order of accuracy with respect to x (all the remaining schemes have the
first order of accuracy). This makes possible savings of machine time by selecting
a coarser step along x for the specified accuracy. In addition, this scheme has less
rigorous limitations, which are determined by the stability criterion,

The method of integral relations can also be used for calculation of three-di-
mensional flows., For this: 1) the starting system is written in divergence form;
2) variables (r, x., y) are replaced by variables (g, x, y); 3) trigonometric interpo-
lation is carried out for y; 4) the ordinary method of integral relations is used at
planes V¥ = ¥z (interpolation for &, which yields the Cauchy problem for the approxi-
mating system with respect to x).

We shall now present some results obtained by the ""quasicharacteristic' meth-
od. The examples considered were different cases of supersonic flow past blunt
cones at an angle of attack in the flow of ideal air (x = 1.4}, The cones had circular
cross sections, and the blunt noses were spherical. The cases differed in the
apex half-angle of the cone w, incidentflow Machnumber M00 and angle of attack o.

Some of the results for three-dimensional supersonic flow past a blunt cone are
presented in Figs. 2, 25-2, 29 obtained for Moo =, w=5% o =10° The linear

dimensions in all the graphs were referred to the blunting radius, and the origin of
the cylindrical coordinate system is located in the forward point of the body.

The individual versions were calculated with a different computational grid. The
number n (the number of points in each meridional plane) was taken as 25. It is /147
shown by comparison with corresponding calculations using n = 50 that the value
of n used ensures sufficient accuracy. The number ! of meridional surfaces was
also different in the several computations, All the principal cases were calculated
for five meridional planes (1 = 4, shown by solid lines on the graph), while some
were computed with three meridional surfaces (1 = 2, shown by "circles’ on the

graphs).
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Figure 2,25 shows the shape of the shock wave in sections y = const, while /148
Fig. 2.26 depicts the pressure distribution along the body's surface (on recti-
linear segment of the generatrix). The pressure variation between the shock wave
and the body's surface along strips x = const for y = 0 and y = = is given in
Figs. 2.27-2,28,

¥Y=0
Y23
Y=
T ——pm— A p—
9 3 4 § x
Figure 2. 25. Figure 2, 26,
x =18

0,05 1

0.5
Figure 2.27. Figure 2,28,

Figure 2,29 compares the pressure distribution at a cone with w = 20° for

Moo = o and o = 100 with the corresponding results (but at M00 = 20) obtained

by Yu. N, D'yakonov [25], who used the Babenko-Voskresenskiy finite-difference
method [25], shown by dashed curves on the graph.

Finally Figs. 2.30-2, 31 show computations for the flow past and through bodies

at angle of attack o under conditions when the shock wave is attached to the for-
ward edge, Figure 2,30 shows the shock-wave wakes in the plane of symmetry of
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Figure 2, 29.

/149

Figure 2. 30.
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0 25 5 75 0 125 =z
Figure 2.31.

flow for a body with internal flow with a taper angle of 15 for o = 10° and
M, = 3, 5, 7and w. Figure 2.31 depicts the variations at the outer surface of /149

the same body in the aerodynamic coefficients Cx’ C_and m, (the continuous

y
curve is for M00 = 5, the dashed curve is for Moo = ).

PART III. CALCULATION OF THE FLOW AROUND BLUNTED BODIES /150
WITH A DETACHED SHOCK WAVE

Above we considered the ideas underlying construction of numerical algorithms
using the method of integral relations and examined specific schemes for the meth-
od of characteristics. Now we shall demonstrate different approaches to con-
struction of steady-state numerical schemes for computation of the flow field in the
problem of supersonic flow past blunt bodies. In spite of the fact that presently
many algorithms are available for solving the mixed problem in the region of in-
fluence of the blunting, their development and refinement is continuing, since
practical needs require the solution of increasingly new and complicated problems
(flows with chemical reactions, radiation, viscous flows, flow past bodies with a
sharp corner in the contour generatrix, etc.). Subsequently we shall consider in
sufficient detail the use of the method of integral relations for this problem, and we
shall also examine a scheme of the method of straight lines and an attempt to regu-
lize an incorrect inverse problem of gasdynamics using as an illustration the con-
struction of special difference systems.

Statement of the problem. Let a supersonic flow of an ideal inviscid gas flow
onto a blunted body at constant velocity. The overall pattern of flow around a
spherically blunted cone (w = 200, M00 = 6) is shown in Fig. 3.1. The region behind

the detached shock wave (the location of which is not a priori known) consists of two
zones: near the nose section of the body, in the region of influence of the blunting,
bounded by limiting characteristic CE, the gas flow is mixed (ED is the sonic line, /151
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where the equations change type). This region of influence is replaced further
downstream by a supersonic zone (hyperbolic-type equations). The flow in the
mixed region is computed independently of the supersonic zone and, conversely,
the flow in the supersonic zone is determined, for example, by the method of
characteristics, after the region of influence of the blunting has been computed.

Figure 3.1.

There exist two fundamentally different types of numerical methods for cal-
culating mixed gas flows between a detached shock wave and the nose section. In

direct-type methods the shock wave shape is determined for a given body geometry.
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In inverse type methods the shock wave shape is specified and the corresponding
body geometry is found. Here one has to deal with an incorrectly stated Cauchy
problem.

The determination of the flow field in the region of influence of the blunting is
thus a complicated mathematical problem which is described by a nonlinear system
of mixed-type partial differential equations, with a part of the boundary conditions /153
specified at "moving" lines or surfaces.

The solution of the above problem is of great practical interest, since blunt
aerodynamical shapes are extensively used in flights at hypersonic velocities. In
spite of the fact that the blunting may be geometrically small as compared with the
entire body, it has an extraordinarily important effect on the entire flow pattern,

forming the flow behavior being considered here. /152

Figure 3.3

Figures 3. 2-3. 4 present photographs of flows around bodies of different
shapes in a wind tunnel obtained by G. M. Ryabinkov [26], Figure 3.2 shows an
interferogram, of the flow about a sphere at M00 = 3 (where constant-density lines

are clearly seen), The photograph of Fig. 3.3 was obtained for an ellipsoid of
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revolution with 6 = 1.5 at Moo = 3 by the shadow method, while that of Fig. 3.4
was obtained for & = 0.5 and M00 = 3 using Topler's instrument. At the end of the

ensuing section we shall compare the results computed by the method of integral
relations with G, M. Ryabinkov's experimental data,

We shall consider algorithms for solving this problem obtained by the meth~
od of integral relations and the method of straight lines, and we shall also describe a
finite-difference scheme for a system of equations with pseudo-viscosity.

1. Algorithms of Numerical Schemes of the Method of Integral
Relations for Computation of Mixed Gas Flows

Nomenclature

s - arc length measured along the body's contour (s = ¢ at the stagnation point);
n - normal to the body's surface;
R - radius of curvature of the body;
8, o - angle formed by the tangent to the body's contour and the shock wave,
respectively, and the direction of incoming flow;
r - normal distance from the body's axis of symmetry;
¢ - normal distance from the body's surface n = 0 to the shock wave n = e(s);
s = 5,(E) - equation of the boundary characteristic (& =n/e(s)); /154
St - universal gas constant; .
m_ - molecular weight of gas in incoming flow;

141




u, v - components of velocity w in directions n and s, respectively, referred to

the maximum velocity Woaxd

Wi, W - components of velocity w, respectively tangential and normal to the shock
n wave, referred to Woaxs

¢ - speed of sound referred to w H

max
M - Mach number;
¢ - density, referred to the gas density of incoming flow ¢ o’
2

p - pressure, referred to ¢ W 3
0 max

T - temperature referred to w2 m [w;

max oo

S - entropy referred to R/2m_ ;
Ci - mass concentration of the ith component;

h,, h - specific enthalpy of the ith component and of the entire mixture, respec-
tively, referred to stagnation enthalpy h00 = W%aax/ 2;

m, - molecular weight of the ith component
w; - Mass rate of formation of the ith component;

ik, A - number of gas-mixture components and of different kinds of atoms in the
incoming flow, respectively;
» - ratio of specific heats.

The linear dimensions are referred to the radius of curvature of the body at
the stagnation point RO; subscript @ denotes quantities up to the shock wave; v = 0

or 1, respectively, for the plane or axisymmetrical cases.

As was previously noted, the problem of supersonic flow past bodies with de-
tached shock wave involves consideration of mixed flow in the region of influence
of the blunting. The method of integral relations [1, 2, 27] makes it possible to
construct for such flows various formal numerical algorithms, efficient utilization
of which makes possible computer calculation with the required accuracy of
various cases of external flows., These algorithms can also be used in the study of
mixed flows in nozzles, in solving certain geodetic problems, etc.

We consider the direct steady problem, with all the boundary conditions of the /15
starting system of equations satisfied in each approximation, The problem con- -
sists in determining a unique continuous solution with continuous derivatives (with
the possible exception of boundary points) in the minimal region of influence of the
blunting (Figs. 3.5-3.7) bounded by shock wave AB3, axis of symmetry AE (in the

two-dimensional case), the body's contour DE and the boundary (limiting) character-

istic B3D. Figures 3. 5-3. 7 show the flow patterns (M00 =4,0, ideal gas x = 1.4),

obtained by calculation for a circular cylinder (Fig. 3.5), sphere (3. 6) and a sphere
with a sharp corner (Fig, 3.7). The problem under study has regions of influence
of the type shown in Fig. 3.8.

The boundary conditions for the starting system are specified at the shock
front, the axis of symmetry and the body's surface, We thus obtain a problem with
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an "open' upper boundary and the problem is made unique only by the condition of
regularity, which singles out the class of solutions with a bounded derivative,

The use of exact integrals of the system, divergence form in writing the
partial derivatives, as well as the approximate representation of integrals in this
method make possible a more exact approximation of the starting differential
operator of the system,

Figure 3. 5. Figure 3. 6.
M =4, 8=1, v=0, M =4,85=1, v=
® o1}
» =1,4; —— ~ sonic 1, » =1,4; — - sonic
line (w = ¢) - BlDl; line - B1D1; - singu-
——— - singular line lar line (WX =c) - B2

(W, = c) - B2D1; Dl; ~.- - boundary char-
-.=- - boundary char-

acteristic B_D.

acteristic B_D.
3 3

The type of algorithm depends primarily only on the variable with respect to
which the approximation is made. Allowance for the different properties of flows,
application of various kinds of complete systems of base functions and the dif-
ferent structure of approximating grids do not affect the substance of the algorithm,
and hence the computational program. From a universal program which can be
used for calculating an arbitrary number N of the approximation, one can esti-
mate the accuracy and rate of practical convergence of the method of integral re-
lations.

Three types of function (approximating grid) representations and their associated
three types of algorithms were found convenient for different external flow regimes
and body shapes [28, 26].

Lines n=(/Ny-e(s); k= 1,2 .,., N- 1 were found convenient for use as
approximation lines in the flow of gas at high Moo past bodies of complex configura-

tion (scheme I, Fig. 3.9). This subdivision of the region of integration is expedient /156
if the flow variables vary sufficiently smoothly across the shock and the shock proper
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is sufficiently thin. In addition, in this case we get
more complete information at the body and shock wave,
which is important from the practical point of view.

Under external flow conditions in which it is
necessary to consider the relaxation properties of
the gas (nonequilibrium dissociation, ionization, etc.),
forbodies with no abrupt changes in curvature it is
expedient to use an algorithm involving the subdi-
vision of the region by lines s=(k/N) »s,(£); (k =1,
Figure 3. 7. 2, ..., N~ 1 (scheme II, Fig, 3.10). In a number
of cases, for example, in computation of viscous
flows, flows with comparatively low Moo’ it is con-

Ma)=4,v=1,n=1.4

(sphereAwith Sh?rp venient to use double approximation of functions,

COTRET X = 01'].1‘?’ B.D wherein the functions are first represented according

—— - Sonic Uneé 5%y to the first scheme, integration is carried out, and

(w =c¢); —-~~- - singular then approximation is carried out using the second

line (w_ =c) B,D.; scheme (scheme IIl in Fig. 3.11), As a result we /158
- - boundary char- get a system of nonlinear algebraic equations which

e is solved numerically, This scheme provides a

acteristic B3D 1° substantial economy of machine time,

Figure 3. 8.

~—~ - characteristic of family I;
~,~ - characteristic of family II; BlDl-

sonic line; B3D - boundary character-

istic.
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1 E=n/eG) k=1 E k=0
a b

Figure 3.10.

E-1 1. Scheme I. The computational
algorithm for this scheme (which was de-
veloped in 1957 [27]) will be constructed
for supersonic flow past an axisymmetrical
body with allowance for equilibrium
dissociation of the gas. The independent
variables here are the s, n orthogonal
coordinate system (see Fig, 3.9). The
complete system of equations (equations of
motion projected on n, continuity, equation
for the streamline, energy and the Bernoulli integral) in the dimensionless form
is written as:

Figure 3,11,

2,3 a7 F, 2,0 ar_o

Y _Fam_ap. . wlihe
3s t as Ah’ S‘S.(W)r we+h 11

where S, (y) is the value of the entropy at the shock wave.
The thermodynamic relationships have the form

dp

TdS = dh—2=7; h=h(T,p); p(P,T)=.¥G(p,T). (3.2)

Here

FetZ; heth; t=rt; HetH; §=rg;
Zepouv; hapu; H=pspu?; g=p+ov?;

T =T, +Mncos8; A=14+n/R; Y- g/R+APcosoe.

We now write the boundary conditions of the problem, At the surface of the
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bodyn =0
u=0; y=0; S=5(0) =0

at the shock wave 1 = e(s)

W, =w_coso; pW, =W sino;2
2 . 2 rw,
p=p, —eVW, +(w_sino)"; y = ——;

“~

dw th cosO‘—w(DE+pTE')

n

Ao phT w, (Dw sm0+2,.:Tw )
dw
d—B—F w_ sing -—£& ;
do do

/159

d_s,_z[w“i 1dp By
"do  pde 2 |

4T _1lp _p 4P dw,,
do h-r[El pdc an do .

Here E | = w?sin20; E=F, ~W ¥ coso; D = p hT pThP At the axis of symmetry

s=0, v=0, y=0, S=0. The starting system (3.1)-(3.2) contains two partial
differential equations, which are here represented approximately,

Functions Z, E, Y are represented as follows:

‘M=

~ N ;= N i
Z. (s)e’; f= Tt (g5 Y= 2 Y( (9" E=nfe(s).
im0

Z- =

The region of integration is subdivided into N strips by lines £ =k/N(k =1, 2, ...,
N - 1) and we integrate each of the partial differential equations, which are approxi-
mated, with respect to n from the zeroth to each of the N remaining lines

(E/N)e(s) a3 N . (B/N)e(s) 3
6[ 35| % ng dn + { a—n—(Aﬁ)dng

(k/Nye(s) .
3 z Y Ef dn;
0 im0
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d HN N i k
s e(s) of lfl ng dg] ~N e'(s)Zk(s)-g.(AH)k_

- E/N N .
(A =e(s) [ = Y, (e’ dg
v

1 =0

or

N k i+1 N i+1
e(s) T 22 (sN2) .1, s z 3 L
)i-l (')(S)(N) vl (S)iilz(i)és)(N) R

, Z k ~ ~ N /,' i+1
e’(s) k(S)S +(AH)k—(/\H)0—e(S)iElY(i)(s);\_N) . “_1_
k=12 ..., N.

The second equation is transformed similarly, In vectorial form both equations

can be written as

e(S)BZ(‘\ +e (S)BZ(.)—e(s)BY(‘) -d =0;

e(s)Et6+ e(s)B?(:)+ e’ (s)it  + e’(s)BT(‘) -0,

where B, d, e are the matrices

Belib. |- YYD k
=11b 115 bk;“ N) m? mo=|lmgil; mk"f\j; etc.

i,k=1,2, ..., N.

Using the relationship between coefficients of the approximating polynomials and
functions at the approximation lines

5 -1z = -1~ - .. % . G ..
Zay= VT2 T =W ST T =W, - Ty

i
W=l 1 wki"(%) y kyi=1, ..., N,

we get a system of equations in the form

Z'+F=0; at +t +c=0.

*

o

/160
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Here

e(s)

/-"l", . - 5'(3)'- v _
a;=(WB ') -1; b, (e(s)z, g,

1 WB_IE) +Y;
s i

c

i"le(s) (s) i

[E’(S) (—t—.‘--t-o)""els WB-I(G’(S)’E{O—EJ » ixl, -..,N:

We have thus obtained a system of 2N equations with 2N + 2 unknown functions
(T, . t,,Z , e).
. 0 .

The relationship between the velocity components across the shock wave

vN =W sin(o-6); W =w_ cos(fr-e)

N
yields
dw, Uy - w,0 sin (g~ 0)
’ . r'd _n r- . I‘ N n
avy ﬁuN+w" 1o 0°=0; o m R
where
w, .
o= o cos (o-6) - sin{c-9),
wn : ( 8
B o sin(o ~— e)fw”cos(c-—e).
Knowing o(s ), function (s ) is found from the geometrical relationship (s ) = /161

(1+e/R)tan(c - o). Equations for c”and ¢ “ close the approximating system.

Expressing functions t, z, Y, etc. in terms of the sought functions u, v,
p and p, we get a system which can be written in vectorial form as 93’ = g, where
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| I
v
0 0 T 0 [P O —bl
. | . . :
vl [ t . l . .
. |0 ) l ) "‘b
: 0 | vy 0 My, CN
=l e=lfm = m. " 0 "m0 k-l ! :
u . . . l. .
! .+ . : . ~EN
. . "‘oolO Myy 0 My we'(s)
ulv 0 '0 -T. —(_); IO_.._- 6_—3— da
'P 2_ Pe .2 42y, . pUY
L o2 c v2)lo. Mey= Z(C -V )Ik' mp, ——?
rpu 2y . pU 2 2., 2 P"‘T
nl‘l (C -V )I]" nkZ--T(C - )lk; c -5—;:—2—9—--
T

The total approximating system of equations for numerical integration has the form

VoW (s -9
P =2 T o'm X*Th a)m(o ; e"(hl%)tg(o—e);

wn-"—RO';p,‘_‘“U’;T dT\ ,S',-ﬁﬂ;

do Y do N dc h' do
’ ’. s - ’
Po=~f%%i T by Lhp pg = 21V, Vg s

0

w:-r%-eo(rpv)i -( N R)(Ypu)‘, i=1, 2, s N-1;

(3.3)

. e 2 ] ’ 1

Pl - W)+ T, S T, = - —Ltw!) +
(hp)?
hTipi]. i=1,...,N—1-J

The prime everywhere denotes a derivative with respect to s, /162

In scheme I the boundary conditions at the shock wave and the body are satis-
fied automatically, which is seen from the construction of the approximating
system,

For s = 0 we have v;(0) = 0, y;(0) = 0, o(0) = n/2 and Si(O) = 0. The values
of w (0), P (0) and T.(O) are determined by integrating the equations along the zero
streamlme from the shock wave to the body, if the values of u, (0), i=1,2, ...,
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N - 1) and €(0) are known. It follows from the form of n,, m, and my, that for

= ¢, matrix & degenerates at k=0, 1, ..., N - 1 (this matrix does not degener-

v,

k "k
ate when k = N, due to «). If the solution exists also there, then it may be nonunique,
The points at which Vi = € are singular points of the system (first-order poles).

The set of these points will subsequently be called the singular line of the
system. In order that derivatives at points of the singular line be limited, it is
necessary to satisfy special conditions for the regularity of solution (for Vi = Ck

we whould have Ek = 0, where V1'< = Ek/V12< - ci)). Otherwise, the derivatives at

this line will be infinite, i.e., the accelerations will be infinite and then the

motion cannot be extended past the singular line (the singular line proper will
a(x, y)

a(wx,wy)

The nature of these points is clear. The direction s = const at the points is

tangent to one of the characteristics of the starting system of differential equations.

In fact, at points where v = ¢, we have v/w = ¢/w = 1/M = sin ¢, where « is the

Mach number, Depending on the sign of the velocity component u, the direction

s = const is tangent, at points of the singular line, to characteristics of the

first (4 > 0) or second (u < 0) families.

serve as a limiting line — the Jacobian D = vanishes along this line).

It is seen from the preceding discussion that in scheme I of the method of
integral relations at each integration step one determines the approximate solution
of the local Cauchy problem in the vicinity of line s = const for the starting dif-
ferential operator. The singular line is the locus of points in which the direction
of integration becomes perpendicular to the characteristic. The location of singu-
lar points in selecting the other sought functions remains the same, whereas
changes in the coordinate system (and, finally, the directions along which the
derivatives are determined) can also involve changes in the location of the singu- /163
lar line. -

Thus, the only bounded solution of the starting system of equations is obtained
from satisfaction of regularity conditions at points of the singular line for which
system (3. 3) should be integrated in the region (containing the singular line) up to
boundary characteristic s = sl(n) (here the region of influence is taken into account

exactly, Fig. 3.9b) or to the closing ray s = s, passing through the farthest re-
moved singular point (Fig. 3.9a). The regularity conditions at the N singular
points make it possible to uniquely determine the N unknown variables ui(O), i=1,

2, .., N=1) £(0), The algorithms can be implemented directly on a computer for
N=1, 2, 8. At higher approximations one encounters difficulties related to the
need of successive passing of the singular points, In this case one should use an
iteration process, in which each iteration is used for passing a single singular
point, while functions vy at the other lines of the subdividing grid are retained in
the memory. This iteration scheme was developed at the Computing Center of the
USSR Academy of Sciences [29].

Scheme I can be used for calculating flows past blunted bodies with a sharp
corner in the contour or with a break in the curvature of the generatrix, The main

difficulty arises here in constructing the computational algorithm at the point
where the flow swings past the corner. Using for this a polar coordinate system
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(Fig. 3.9¢), V.F. Ivanov successfully developed a method for calculating this class

of bodies and made a large number of calculations,
in Fig, 3.7.

2,

One of his results is shown

Scheme II, We now consider the supersonic flow of a real gas past blunt

bodies with allowance for nonequilibrium dissociation [30, 26]. Let the incident
flow consist of a p-component gas mixture containing A different kinds of atoms.
The independent variables in constructing the algorithm using scheme II is the co-

ordinate system s, £ (g =n/e(s)) (Fig. 3.10a).

The complete system contains,

in addition to the gasdynamics equations, equations of material balance, the Dalton

equation and relaxation equations.
less form is written as:

where

~ -~

M

L ~(AZ-¢ge2g)r;

Subsequently we represent

f-Ycose; E-Lcose; ﬁ-Mcose; N =

The boundary conditions of the problem have been
addition, we have at the shock wave £ = 1, C; =

istic s = 5;(E) the compability equation

udp 1ds

R de

v du

w2de w2de

- (AH-ge2Z)r; Na(Ah -

ctgoa dp
pw2 de

(3.4)

Ee t)r;

X=~Z/R+Apsine.

Ncoso; r=Pcose.

written out in scheme I, I

+I, =0,
(3.5)

The starting system of equations in dimension-

C;. and at the boundary chacter-
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where
4 dsl ] .
I‘l--I'0 (Atg9+§es)—dg +€lcos9;

h. ¢
- ® c ¢, \dC. R
Po-——i__———l:;—'sinﬁ:sina-;-c—é bR L ¢ _ 0 :
sin(B+a)ll w? ima\Thy P ) dt W,

s . u. ain C -
g =pg+9; p-arctg-l—), a-arcsxnl-v-,

| oh. 2 pTh
- C_ h_ ; h, = —t ; -_____.L_-
hy 2 (B )i (B g ("T)p.c c oTh ~2p

i

The streamline and characteristic equations have the form

dsst.l._ v . fi_s_l=——_—*—° .
de  Au-eelv B Ag(Rio)-Ee]

Writing n ='s/s (&), we write along the shock front the approximation of partial
differential equations of system (3.4). The set of lines n = k/N, (k=0,
1, ..., N) serves as the approximating grid.

The functions are represented as
N 2i
f= z f(i)(ﬁ)n for even functions;
P=0

N .
coso(s)= T n(.)sz' 1
fm} d

2i~1

N
f= =2 fem for odd functions.
i=l

The equations of motion and continuity with the approximations made in them are
integrated with respect to s from the zero streamline to each of the N remaining

lines, for example,

(k/N)s (B 5 (k/N)sl(g)a_ . (k/N)s,(E)_
{ ,5€Mds+ o[ 5S—Zeds—~ of Yeds = 0
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or

N N 2j k)2(i+i)
T T M,.n.  s’|=
im0 jm1 () () I(N 2(i+]) +
N N . 2i+])
. - 2/~1 k ] 71 k 4
1,2, l.f‘_lM(i)"(j)sl (ﬁ) W h Lyt (2e) -

1 -0" k-l,z,-.-,N‘

N N 2(i+j)
) 2(i+j)

if k

z . -

2o o @ (N

All the other partial differential equations are transformed similarly.

The system of ordinary differential equations in vectorial form, obtained after
integration, can be written as

GM(.)+HM(.)—GY(.)+8-O; RL(‘) +SL_(‘)—T(XE)(‘) +M=0;

- ~ 50,
GN(‘)+HN(‘,) +P
where G, H, R, S and T are matrices of the form /166
G . QI n 52i k 2D 1
1-”8'1“-”! gk;‘ j=1 (j) (])N 2(1-}-’) y

i=0,1 ..., N etc.

For even functions f . = | f(i)” , 1=0,1, .... N. For odd functions f(‘) =1| f(i)ll ,
i=1,2, ..., N,

- -
E-“ck“; ekx (Zpe)k—NkS;Mk COSek3

- [~ , 5]
imllmglls mym|(tP o), - % s, Ny [cos o5

p= ||Pk||; Pk- EQPG)k—!zh—,S'lchosek.
-

-

Here and subsequently the prime denotes differentiation with respect to E.

153




-8
P

The coefficients in approximations f () and the values of functions at boundaries

of strips fi are related as follows for odd and even functions, respectively:

= - (21 _
fo =i,y We=llwls "’ii"(!l%) y Li=1,..., N
P N
f(’)-Mf(‘); M=l m= (.’.) s i,j=0,1,...,N.

We substitute into the system of equations thus obtained respectively
f 3 i f,: f( ) =M1 f‘ , upon which it becomes
PH, +k=0; PN +7=0; GL  +5=0.

Derivatives M*, N and L are now expressed in terms of derivatives of the
sought functions u', v', p' and P a part of them is eliminated using the equation of
state, the Bernoulh 1nteg‘ral cond1t1ons at the zero streamline and at the char-
acteristic, which yields

Auif’+Av—v- '+Ap prra=0, Bufl-’+ Bv—ﬁ “+ BP3'+ b=

C,T7+C, 0" +C 7" +E =0,

where W’ = |[ufj: 1=0,1, ..., N3 D =[0/|l5 i=1,...,N; P=liplls i=1 ..., /167
N-1; Au’ Bu’ Cu are N X N-dimensional matrices, Ap, Bp, Cp, are
N-dimensional columns,

The equations can be written more compactly in the form 3%’= 3. The system

of 3N ordinary differential equations thus obtained can be solved for all the

The complete approximating system of equations for numerical integration using
scheme II thus has the form

[ -—1"- 4

=2 "q; Py _501110 pN"slvluﬁ+8 v‘l+61\3;

Tf__*l[(w Y+ = h.C

S j=1 Cijti (3. 6)
3

o =P, (’1“. zl(C /m) > i=0,1,...,N;
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B K B (R) (k)
h.‘ . .. ..M s . . - ¥
; ]_ilh”CU, ,'Elc‘l 1, jElG” C” 8;
. i \foC; (3. 6
» l 1 4 l . 4 [
Cij"(ci)st.l—ést. 1‘§51><“’as> S P cont'd)
3

i=0,1,...,N, k=1,2,..., a=1.

The region of integration is here limited from the top by the bounding char-
acteristic. This makes it possible to carry out calculations with the region of
integration coinciding identically with the region of influence of the starting system
of equations. The scheme under consideration uses the compatibility condition (3.5)
along the bounding characteristic. It contains derivatives only along the line s =
s,(g), consequently, in the approximating system (3. 6) it is used in the exact form
in each approximation. This condition completes the approximating system and
ensures regularity of the solution of the starting system of differential equations
along the upper boundary. The regularity of the solution inside the region of
integration follows from the appropriate representation of sought functions along
the shock front, regularity of the solution at the boundaries of the region of /168
integration, as well as from the iteration method proper used in constructing the
sought numerical solution of the boundary-value problem for the approximating
system.,

For system (3.6) we get a boundary-value problem in the region 0<£<l. The
boundary conditions at the axis of symmetry are satisfied automatically, which
follows from the construction of the algorithm proper. Specifiying the shock wave by
means of N + 1 variables e,, &;: --+: &y (for example, by an even-power poly-
nomial), we find the values of all the sought functions at & = 1from the applicable
conditions at the shock wave. System (3.6) is integrated from ¢ = 1 to £ = 0, where
the values of all the starting variables €5 €)s ..., £y. are uniquely determined
from the N + 1 impermeability conditions at the body (ui(O) =0,i=0, 1, ..., N). The

conditions at the body and at the shock wave are here satisfied at discrete points,
the number of which increases with the number N of the approximation.

The approximating system in scheme II of the method of integral relations in
this problem does not have singular points inside the integration region, since the
solution of the local Cauchy problem in the vicinity of line £ = const for the starting
differential operator is always unique and bounded (|#] <« ¢).

Variables e, , £, .+, &y are determined, for example, by Newton's general-

ized method. Corrections 8¢; to values of g are found from the system of equations
g" ou; -

i-o aT] Gei _"ui(eos eo oy eN). i=0| 1, ey N, where

de; A

ou; u;(eo, S e]._:], & +05 & .15 '"’_eN)"ui(eO’ SULITRRY e‘\,)
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The calculations for flow past bodies with a sonic inflection in the vicinity of the
corner point (in region G, Fig. 3.10b) [31] included construction of the Vaglio-
Laurin asymptotic solution [32].

The use of the boundary characteristic in scheme II of the method of integral
relations makes possible exact closure of the region of integration and of the
approximating system, In addition, the boundary conditions h- e are satisfied
exactly in any approximation, which provides for stable computation also with /16
approximations of high orders (the computations were carried out, for example, up ~
to N = 12),

3. Scheme III. Here one utilizes double approximation, under which the
functions are first represented using scheme II, are integrated, and then approxi-
mation is again carried out using scheme I, As a result one obtains an approxi-
mating system of nonlinear algebraic equation. The grid used for subdivision of
the region of integration is shown in Fig, 3.11,

In scheme II we obtained the system of equations $’=2~1§. We denote1 - £ =
¢ and introduce the approximations

y i
P; ~ 9= . .5,
i i0 i=1 i(j)

where ¢;, = ¢; (L = 0).

i - = - _
If we designate SIS (§=;7> » then &, — %, = Moq’i(v) » where ¢, is a column

of rank M with jth element o; i 9,0 is a column of the same rank with elements

Y00 9 i) is a column consisting of the coefficients of the approximation, MO is a

square matrix of rank M and mij = (i/N)). From this

Piay = My (@, =900

By virtue of the approximations used

3 -1, - =
2 T Ty

9
=
i

=1
where X is a square matrix of rank M and L ](ll\—d) . Substituting the expression
for -“3;'(,) , we have
— -1, -
oL =xMy (9., -%. ).

I [ A4 H
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It remains to substitute the approximations thus introduced into the system |

$’=2"'5-b andwriteitforallthe T =j/¥, j =1,2, ..., M. We get a system )
of 3MN nonlinear algebraic equations in the form Y

3 -1 -1
o XM L-B = x M3'L,-

Here L, L_ and B are M x 3N matrices, where

.I 1 s —v——

This system is supplemented by the remaining equations of the total approximating
system of equations (3. 6) of scheme II with the approximations made by setting

¢ =1 - ¢and written at points of intersection of the computational grid. All the
boundary conditions are satisfied at the grid points lying at the boundary of the region,

0

If through approximation is used (as is done here), then the numerical solution
is found by solving a nonlinear algebraic system of equations at all points of the
curvilinear grid subdividing the region. The regions of influence are then accounted
for exactly. The use of a linear of quadratic approximation yields an ordinary dif-
ference scheme on a curvilinear computational grid.

Scheme III can be constructed similarly, first using approximation according to .
scheme I and then according to scheme II (here it is possible to dispense with the
second integration). This version of scheme III was considered in [26, 33]. As was
shown by F.D. Popov's calculations (ideal gas, = =1,4, sphere, M00 = 10) the

exactness of computations using this scheme for M, N = 4-5 (4-5 steps across and &
along the shock front) is up to 2, 5-3 decimal places. The algebraic system was R
solved by iterations, the time of computation of the complete version on the BESM-2
computer amounting to only a few minutes.

Chaed

As was mentioned previously, scheme IIT can be constructed also without the
second integration, We shall now present a version of this scheme developed by
F.D. Popov [26].

T

~

The starting system of partial differential equations can be represented in the
form:

3 E]
ggpi (s, m, W+ = Q, (5,1, U = Fy(s,m, U, 8.7)

where U(s, n) is the system of the sought functions, Pi’ Qi and Fi are known,

generally nonlinear functions of s, n, ui(i =1, ..., k). For example, for an

equilibrium flow, using in the starting system of equations both projections of the
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equation of motion, then k =3,

U= {u,v,p,p,TH,
v

P1=?= rocou; Q1=AT=AYVPM; Fi=0;

- - — — 17
P,~ 3 =rv(P+pv2);Qz-AZ =Ar¥ouy; F2=X‘—Zl’iZ+VAPsin0; /11

P3=Z; Q3=Aﬁ=Arv(p+pu2 % FS'Y='[I‘\7_ g+vAPcos 0.

Here A =1 +n/R, R is the radius of curvature of the body, v = 1 for the axisym-
metric and v = 0 for the planar case.

The system is completed by the Bernoulli integral and the equation of state

hip, T)+w? = 1;
(3. 8)

P=P(P:T)-

Subsequently, without loss of generality, we shall construct the approximating
. system according to scheme III (of the type I x II) for Egs. (3.7) with subseript i
i omitted,

% ' We subdivide, as in scheme I, the integration region by the lines

; k=1,...,N-1

z|=~

L n=n,(s) = g.e(s); Ep=
and introduce approximations of the sets of functions

iF‘(s)gj.

Nij el
P(n,s)= z 'p(s)e”; Fn,s)=
j 0

=0 I

nore >

Integration of the starting system of partial differential equations from the zeroth
each of the N remaining lines and the use of the relationship between the coefficients
of approximating polynomials and functions at approximation lines yields

4 1 _dep _ 1 -
®ds P'M(s(s)ds " F')*e(s)Q*‘O’ ®.9)

where & = AB~! is a rectangular (N x N + 1) matrix
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1 i+l . .
A’llaki”; ak}"m gk ’ ""ll"'lNy ]=0,...,N,

B! is the inverse matrix of
B=1Ib 1l b= gé; k,j=0,...,N;

dgs Py, P,, F, and Q,, respectively, are the column matrices

dp_ldpl k- . . /12
is P, “ds P,‘", k=0,...,N; P, =||P.{l; k~=0,...,N;

F, = 1IF, |1; k=0,....N; Q.-“Qk*Qo_gk%Pk
fk'=f(5’ nk(S)),

‘; k=1, ...,N;

and the right-hand side of Eq. (3.9) contains a zero column matrix., Solving system
of equations (3.9) for the derivatives of the sought functions (U), we get in the Nth
approximation the approximating system according to scheme 1.

To obtain the approximating system of scheme IIIl we now draw across the shock
front M rays s = const, forming a grid on the region of integration

s:.—.sl;-_-nlSM; 'rll= lnl,...,M

1.
M 4
and introduce approximations of functions Pk( s) with respect to s, with allowance

for their evenness or oddness relative to the axis of symmetry (for symmetrical
flow) '

i ; .
Z P 2 for even functions;

]
P (o= o (3.10)
2 P.n =1 por odd functions,

where JPk and Jﬁk are coefficients of the approximation, defined by values of

functions P at rays s = s; =const, I =0, ..., M.

Equations (3. 10) are substituted in Egs. (3.9) and the equations thus obtained
are written for I =0, ...,. M-1. Expressing now the coefficients of approximations
(3.10) in terms of the values of functions Py (s) for s =s;, (1=0,...,M), wegeta
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system of M x N nonlinear algebraic equations in the form

P, ,¥+9F _+Q, =0, (3.11)

which are the approximate representations, in the given scheme of the partial dif-
ferential equations of the starting system (3.7). Here

P -Lyr ; b=u, ..., N;
*s SM kil '

!l =0,...,Mforevenand! =1, ..., M-1for odd functions

~

1(d
Q =fl-1{q,,-q,-¢(4) P [Il; ka1, N 1o, s
os |l | KL Yol kdsl rl s N E=0, . M= 1,

¥ is the transpose of matrix ¥, which is given as

yuC* D! ;
D! is the inverse of matrix D
D-= d A1
I l,ll
27 .
0, l,j=0,...,M for even functions;
dl' =
i 2j~1 .
P L,j=1,..., ¥ for odd functions;
C-~ ||C1,-|l;
. 21 .
21111] 3 1=0,...,M=1; j<0,...,M  for even functions;
% 2j~2 .
(21—1)111 ; 1=0,...,M~1; j=1,...,M for odd functions.

The right-hand sidé of Eq. (3.11) contains an (N x M)~ zero matrix,

Approximating system of equations (3. 11) of scheme III together with the finite
difference equations (3. 8) determines the values of the sought functions in the
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internal nodes of the region of integration. The boundary conditions on the wave
and on the body are satisfied automatically, since they are incorporated in con-
structing scheme (3.9) (see subsection 2 of this section III). The conditions of
regularity of solution in singular points of system (3.9) and the conditions at the
axis of symmetry complete the approximating system of equations. Since in
general rays s = S; do not pass through singular points, then it is better to replace
conditions of the type: Ek = 0 when Vi = Sk by regularity conditions, written as

expansions in s along each of the lines

By (R=0, ..., N-1);
Wi, (3.12)
]
ifo Ek”m =0; k,mao, <oy N-1,

where jEk are coefficients of the approximation, defined by the values of Ek(s)
defining the location of singular points at lines £ Quantities ﬁm’ which are not

known a priori, are determined from N equations for

2 2
Nk(s) = L/: Ck'

Mojo (3.13)
r Nnr7=0, kym=0,...,N=1
]',:0 k m
similar to Eqs. (3.12).
If system of equations (3.11) is written for all the rays s =s; (1 =0, ..., M},

then the approximating system of scheme III will become intedeterminate and
Egs. (3.12) and (3. 13) could then be used for checking the calculations.

The approximating equations of scheme III of the method of integral relations
were used successfully, for example, in calculations of supersonic gas flow at low
Moo (the calculations were carried out up to M00 =1.05)., Some results of these

calculations are presented later on. Schemes of this kind were found sufficiently
effective in calculations of viscous gas flows, as well as of flows with radiation.

In essance, schemes III of the method of integral relations are finite-difference
schemes, Here, however, one uses a curvilinear computational grid (isolating the
shock front), the directions of approximations and expressions for the "com-
plexes' of functions being represented being selected from the requirement that they
vary as smoothly as possible. The finite difference schemes are thus constructed
here with special computational grids, when the starting system of partial dif-
ferential equations is written in divergence form.

4, In the general case of nonlinear partial differential equations it is quite
difficult to obtain analytic estimates of accuracy and convergence of the method of
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integral relations. Hence all kinds of numerical estimates should be regarded here
as the main criterion, For this purpose each of the schemes of the method of
integral relations was used for calculations in various approximations, and results
of computations obtained by these different schemes were compared.

Calculations using scheme I were carried out for N =1, 2, 3. The experience /17¢
of calculations shows that sufficient accuracy (2. 5~3 decimal places) using this ‘
scheme is obtained in the majority of cases for axisymmetrical bodies with N =2
and for flat bodies with N=2, 3,

The algorithm of scheme II of the method of integral relations was considered
in detail, Calculations for various external flow regimes (perfect gas; equilibrium,
noneq[uilibrium flows; various body shapes) were carried out up to approximations
7-12 [26, 28], Some of the computed results of A, Bulekbayev using this scheme
for the approximations N=2, 3, ..., 6 (sphere, M00 =10, perfect gas, » =1.4)

are presented in Tables 1 and 2. The computed results (detachment of [bow] shock
wave, velocity components, density and temperature) are presented for the region
between the shock wave and the body 0< £ < 1 along axis of symmetry s = 0 and the
bounding characteristic of the second family s = s; (§). It was established in
calculations for flows past smooth bodies using scheme II of the method of integral
relations for a perfect gas, as well as with allowance for equilibrium or non-
equilibrium processes, that the accuracy of the method increases inside the region
of intergration by approximately one decimal place in each new approximation (from
3.5-3 decimal places with N = 2-3 to 4-6 decimal places with N = 5-6).

I~

[

TABLE 1. DETACHMENT OF [BOW] SHOCK WAVE
(APPROXIMATE COMPUTATIONS USING SCHEME II),
M =10, SPHERE, PERFECT GAS, » =1.4,

N
=(s) 2 3 | 1 | 5 | &

e(0) |0.135623 | 0,135717 { 0.135718 [ 0,135718 | 0.13571&
e(s,) |0.173651 | 0.174606 { 0,174607 | 0,174607 | 0,174607

As another criterion of a method's accuracy one can compare the results ob-
tained using different schemes. Table 3 presents data obtained with schemes I and
IT (N = 2) in calculating flows of an ideal gas past a sphere (Moo =10, » =1,4),

Table 4 compares the calculated results of F.D. Popov using schemes I (N=2) and /17"
Il (N =3, M = 2-5) for the same case. As can be seen from these comparisons, -
satisfactory agreement exists between results obtained with both schemes, although

each of them uses approximate representation of functions in diametrically opposite
directions. This points to reliability of the results and to the fact that the starting
differential operator is approximated with sufficient accuracy.

162



TABLE 2, DISTRIBUTION OF GAS VARIABLES ALONG
THE AXIS OF SYMMETRY S =0 (APPROXIMATE COMPU -

TATIONS USING SCHEME IJ) Mo:)

g |N u
1.00 | 2 | -0.170781
1.00 | 3 | -0.170782
1.00 |4 | -0.170782
1.00 | 5 | -0.170783
1,00 | 6 | -0.170783
0.75 | 2 | -0.124069
0.75 | 3 | -0.124210
0.75 | 4 | -0.124209
0.75 | 5 | -0.124209
0.75 | 6 | -0.121209
0.50 | 2 | -0.080801
0,50 | 3 | -0.081050
0.50 | 4 | -0.081047
0.50 | 5 | -0.081046
0.50 | 6 | -0.081010
0.25 | 2 | -0.039857
0.25 | 3 | -0.039962
0.25 | 4 | -0.039964
0.25 | 5 | -0.039961
025 | 6 | -0.039961
0.00 |2 | ~0.000017
0.00 | 3 | -0.000002
0.00 |4 |-0.000021
0.00 |{ 5 {-0.000029
0.00 |5 | -0.000029
TABLE 3.

=~ Schemes

v p

0.792517
0-792517
0.792517
0.792517
0.782517
0.832573
0.832i686
0.832470
0.832-70
0.332.170

0.879103
0.878102
0.879103
0-879103
0.879103

QOO0 OO0OO0OO0 OO0 OO0 OOOOO

=10, SPHERE, PERFECT
GAS, » =1.,4.

SPHERE,PERFECT GAS, = = 1.4,

g-1.0 [e-0,5
$-0 |s-0

“w
*

0,1360) =
0,1358] -

-0,171050,0782
-0.1708 10,0808

[} a
o] 1]

0,7930( 0,6000:0,8783
0,7625! 0,£591,0,8791

0,1387] 0,1420[0,1:128

0o oe 1

0.1387| 0,1413]0,1:129

Coordinates

ge-1,0f g-05

0,1444 -
0,1438 -

-0,i515 | -0.0728
-0,1522 [ -0,0728

0,2742 Q,2431
0,2757 0,2431

0,7338 0,7614
0,7325 0,7810

0,1288 0,1337

0,1287 0,1338

s » 0,3250 |5 -~ 0,3450 | s -

of points
E -0 =10 £ =0,5
0,3575 | 5 < 0.8500 |5 - 0,8900
- 0,1744 -
- 0,1738 -
[ -0.0399 | -0,0117
0 -0,0006 | -0,0118
0,2079 o,5081 | 0,523
0,2088 0,5088 | 0,4532
0,7526 0,582 | 0,5332
0,7517 0,5677 | 0,5343
0,1388 0,1048 | 0,113
0,1366 0,1046 | 10,1133

o T
5.714288 0.138690
5.7142853 0.1380680G
5.7142385 2.138591
5.7142%5 0.13%891
5.714285 0.133631
5.917912 0.140858
5.918384 0.1:0833
5.818601 0.110533
5.918602 0.140653
5.918602 0.1.5108353
6.033099 0 1:18623
6.032515 0.141918
6.0524 11 0.141813
6.0525i3 C. 141919
6.052¢-13 Q.1414%19
5,12:3328 0.142:330
6,12:6351 0.1-12u29
6,12R653 0.14232¢
6,125053 0.1-i2029
6,12865 0.1-125628
6.133368 0.142581
65.153569 0.112561
6.153569 0.142281
6.153569 0.142881
5.1353369 0.112361

COMPARISON OF COMPUTATIONAL RE-

SULTS USING SCHEMES I AND II (N = 2), M(D =10,

-0
s - 0,7151

0

[}
0,4081
0,4083
0,4628
0,4648
0,1189
0,1180
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TABLE 4. COMPARISON OF COMPUTATIONAL RE-

SULTS USING SCHEME III (UTILIZING APPROXIMA-

TIONS) AND SCHEME I (N = 2) Mw =10, PERFECT
GAS, » =1.4, SPHERE.

w1 - 0,5 T g
ul s 3 3 £-0
1] ] L] v | ] B v r u v

0.8579 | -0.08323 { 0
06,8588 1 -0,08148 [0
0.8588 {-0,08151 {0 0,8780
0,8587 |-0,08170 | O 0,8780

0,6730
0,8780

0,1507 | 0,7025 | —0,1708
0,1351 | 0,7925 | -0.1708
0,1851 | 0,7925 [ -0,1708
0,1354 {0,7925 | -0,1708
Scheme I 0 0,1860 | 0,7630 | -0,1768 |0 0,8580 {—0,08190 [0 0,8780

Scheme IIT

Scheme IIT

- I It
© o oo
e O o o
o © O ©

0,250 }0,15%4 |0,7515] —0,162! | 0,2252{ 0,8002 {-0,07859 | 0,18C2 [0,84128
0,250 10,1895 10,7558 (—0,1802 | 0,2157 | 0,8048 | -0,07€80 | 0,179 0;8152
0,250 |0,1388 (10,7558 [ 0,160t |0,2153 | 0,8350 |-0,07881 {0,1700 {0,8153 0,1433
0,260 [0,1897 [0,7555 | -0,1602 {0,2138 | 0,8047 |-0,07685 10,1787 [0,8149 0,1483

)
0
o
)
o
o0 |o.1052
o
0
o
Scheme T 0,250 {0,1410 |0,7570 | -0,1600 |0,2130 | 0,8080 |-0,07850 0,1780 [0.8150 |0 | 01420
o
)
0
0
0
0
o
o
1}
0

0,14E2

LI S I N )

0,500 |0,1648 |0,6508 | -0,1208 |0,4216 | 0,6532 |-0,08378 | 0,3318 |0,6313
0,500 [0,1551 [0,8596 [ -0,1256 | 0,4105 ] 0,8857 | -0,06225 | 0,3163 |0,6357
0,500 |0,1553 [0,8591 | -0,1253 ]0,4110 | 0,6548 [-0,08223 |0,3161 [0.6:01
0,500 {0,1553 [0,6591 | -0,1258 |0,4110 |0,8652 |-0,08231 | 0,3182 |0,6301
Scheme I 0,500 [0,1570 |0,8620 | -0,1250 |0,4050 | 0,6570 [-0,06240 | 06,3430 {0,6170

G,285C
0,2374
0,2842
0,233
0,2800

Scheme III

S 7 I 1

0,625 |0,1768 }0,5929 | -0,1007 |0,5019 | 0,5697 |-0,05205 | 0,4082 [0,3311

2 0,3352
3 |o0,825 [0,1884 |0,5950 | -0,08914 | 0,4956 | 0,5750 |-0,01908 | 0,4238 |0,5130

4

S

0.3383
30,3515
03513
37

Scheme IIT

0,625 |0,1685 |0,5963 | ~0.08990 | 0,1833 | 0,5751 |-0,01820 { 0,4235 |0, 5385
0,625 |0,1685 |0,5952 | -0.08305 [0,4851 | 0,570 |-0,04919 | 0,4235 [0,5385
Scheme I 0,625 {0,1710 | 0,6020 | -0,09650 | 0. 83 | 0,5200 |-0,01999 {0, 1170 |o,5120

The accuracy of the method can also be estimated by checking, in the process
of numerical solution, of known exact relations, which are not used in constructing
the approximating scheme (such as the integrals of the starting system, equations
of constant flowrate, constant entropy along streamlines, ete,). Calculations show
that for scheme I in the second approximation the condition of constant flowrate is
satisfied for any streamtubes withan error up to 0.1%, while in scheme II, where
the entropy is not used in the starting system of equations, 'S = S,(y) is satisfied
to within the second approximation with an error up to 1%.

Figure 3.12 also illustrates the accuracy of schemes of the method of integral
relations, Figures 3.12a and b compare the computed results for a sphere using
scheme I (M00 =4, »x =1,4) and of calculations by the finite difference scheme of

[34]. As is seen, when the mesh is made "finer" the results obtained by the finite
difference method approach those obtained by the method of integral relations.
Figure 3, 12 shows the variation in the location of the shock wave (s ) and the pres-
sure distribution along a sphere obtained from computations with different approxi-
mations (N =1, 2, 3) by means of schemes I and II,

These estimates show that the method converges rapidly and also that the results

/178

using both schemes become virtually identical as early as in the second or third approxi-

mation.

[ T1]1e above algorithms were developed for different cases of flow by the authors
of 126],
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Figure 3. 12,

a) and b) Sphere, M00 =4, x=1,4; —— - Method of

Integral Relations (N =2); aaa - Computation "A",

Method of Finite Differences; ... - Computation "B"
Method of Finite Differences; ¢) Scheme I (... - N=
2), Scheme II (--- - N =1, 810 = 1.25: —— - N=2,

s10=1,25: -.-=-N=2,8=1: A2A - N=3, s=1);
=14,

5. The above numerical schemes of the method of integral relations have
come into extensive use in computations of supersonic flow past bodies in the USSR
and abroad. The method has been sufficiently effective in the study of the flow pattern
for bodies of various shapes. The use of standard programs of algorithms described
above makes possible serial calculations of flows past bodies with detached {bow] /179
shock wave with sufficient accuracy on medium-capacity computers,

We shall now discuss individual studies carried out lately and shall present
some of their results, More details can be found in the cited references.

Scheme I [23] was used for developing a method for calculating equilibrium
gas flows. The calculations were made for various gas mixtures. In particular,
bodies with a sharply varying curvature were considered. Figure 3. 13a depicts
shapes of shock waves and sonic_lines, while Fig. 3.13b displays the distribution
of pressure 1_)0 and temperature T 0 (referred to the corresponding values in the

stagnation point) over the surface of a sphere (& = b/a = 1) and eilipsoids of revo-
lution with different blunting radius. It is seen that with an increase in the blunting
radius (in §) the flow variables in the subsonic domain vary increasingly slowly;
however, here the manner in which quantity (s ) - detachment of the shock wave
from the body, behaves changes.

Calculations for equilibrium gas flows using schemes I and II with allowance for / 180

ionization were carried out by Yu, P. Lun'kin, F.D. Popov and T.Ya. Timofeyeva
[26]. Figure 3. 14 displays curves of £, density and mass concentrations of Oy,

+
O and O (for oxygen) and molecular concentration of O for air in the stagnation
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Figure 3,13,

M_=6,v=1, p_=1atm, T  =300°K,
QO [0 0] (o0}

a) =—=x=1,4, — - Air at Equilibrium;
b) Air at Equilibrium,

point of the body as a function of Moo' Computational resulis without ionization and

for a perfect gas with » = 1,4 are presented for comparison. The nonmonotonic

behavior of g, (M_ ), which is "spoon-shaped', is determined by the nonmonotonic

nature of density variation, which is due to different contributions made by the vibra-
tional energy, dissociation and ionization to the enthalpy of the gas (which is par-
ticularly clearly seen for oxygen). Comparison of experimental data on the dis-

tance between a detached [bow] shock wave and the body with computed results can

thus serve as a good criterion in the study of various physio~chemical processes /181

occurring across the shock front.

An item of great interest is the computation of flow past blunt bodies with a
discontinuity in the curvature, or sharp corner in the generatrix. For small
"rounding" radii r (referred to the middle section of the body) or a sharp corner
in the contour, the values of some derivatives will have a discontinuity at ray s = §,
where the curves forming the contour or generatrix join, and this involves difficulties
in computations, if smoothing is not carried out beforehand.

M. M. Golomazov [26] used scheme I for a series of calculations (for an ideal
as well as equilibrium-dissociated gases) for cylindrical bodies with roundings 1/r
ranging from 1 to 64, Figure 3. 15 shows flow patterns and the pressure and tem-
perature distributions along the body. One's attention is attracted by the peculiar /182
shape of the sonic line for 1/T = 64, which is due to a sharp swing in the flow in the

vicinity of the sonic point.
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a) Equilibrium Flow of Oxygen, 6=1,v =1, P = 0. 01 atm,
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lated without Tonization, b) Equilibrium Flow of Air, 6 =10,
v=1, p=0.01atm, T_ = 290°K, — - Calculated with
lonization; ——- - =14,

V.F. Ivanov [26, 35] utilized scheme I and the method of characteristics for
developing a general method of integrated computation of mixed as well as of
supersonic flow across the shock front. He was the first to construct and imple-
ment a computational algorithm for flow past bodies with a sonic inflection in the
generatrix, The swing in the flow in the vicinity of the inflection, where the
Prandtl-Meyer solution holds, is computed by him using a differential equation,
which is the compatibility condition along the characteristic of the second family.
Figures 3.16 and 3. 17 illustrate Ivanov's calculations, Tt is interesting to note the
appearance in the supersonic zone of a ''suspended' shock (which was verified ex-
perimentally), the strength of which decreases rapidly as the distance from the
body's nose increases. In a number of cases the calculations were continued for

tens of rounding diameters, which was possible only when the initial data on the
bounding characteristic were obtained with high accuracy.

Reference [30] presents a description of scheme II of the method of integral
relations, successfully used by V. K. Dushin for calculating nonequilibrium gas
flows. Considered are different conditions in the incident flow, multicomponent gas
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Figure 3, 15.
M =5.8;vy=1, — - Air at Equilibrium;
p,=1latm; T = 300°K; -—~ - x=1.4; ... - Ex-

perimental Data of Fraasa.*
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Figure 3.16. Spherical Figure 3.17. Spherical

Rounding, v=1; M_  =5.8; Rounding, v=1; § = 300;
§=33% & =0% =14 ©=10% % =145 — - M, =
— - Computed; x X X - Ex- 4; ——= - Moo =6,

perimental Data of Fraasa,

*Fraasa, D., An Experimental Investigation of Hypersonic Flow Over Blunt-
Nosed Bodies at 2 Mach Number of 5.8. GALCIT Report No. 2, 1957,
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mixtures, as well as the effect of individual reactions and of the dimensions of the

body on the results. V.K. Dushin carried out calculations in the supersonic region

also by the method of characteristics; here the numerical scheme developed by him / 183
[19] makes it possible to make computations for equilibrium as well as nonequi-

librium flows using the same programs., Figures 3.18 and 3,19 (for a sphere) and

3.20 and 3.21 (for a cylindrical body with spherical rounding with a sharp corner in

the contour at’s = 0,.77) show the pressure, temperature and concentration distri-

butions for atomic oxygen along the body's surface.

. G
1% Ty 0.1 S S

0,0} . X N
0,11

005

0,07 N
o o B B3k M s Tw T,
Figure 3. 18, Figure 3.19.

Moo=10’ poozo.OOl Mcx)=10’ p00=
atm; Too = 288%K; 0.001 atm; Tcx) =
R, =1 m; — - Non- 288°K; Ry = 1 m;
equilibrium Oxygen; — - Nonequilibrium
—== ~ Equilibrium Oxygen; —--- - Equi-~
Oxygen, librium Oxygen,

It follows from this that departure from equilibrium of chemical transformation
brought about by a sharp reduction in the particle velocities when crossing the shock
wave has almost no effect, at the surface of a smooth body, on the pressure (density, / 184
flow velocity), but a perceptlble departure is observed of the temperature and con-
centration of components from their equilibrium values (see Figs. 3.18 and 3. 19).
At the same time the departure from equilibrium produced by the sharp velocity
rise near the sharp corner in the body results in a pronounced departure from
equilibrium values of all the flow variables (see Figs. 3.20 and 3. 21).

V.K. Dushin and Yu. P. Lun'kin [36] applied scheme II to the study of the effect
of an ensemble of various reactions in nonequilibrium air on the distributions of flow
variables across the shock front and at the body's surface. It follows from Fig, 3.22a
that the distributions of dimensionless p, T and u along the axis of symmetry (and
consequently also the location of the shock wave) in the flow of nonequilibrium air
past a sphere are almost independent of the number of reactions for which allowance
is made. At the same time the component concentrations are highly sensitive to this
(Fig. 3.22b). Figure 3.22c shows the pressure, temperature and velocity distri- /185
butions along the sphere surface. TFigure 3.22d, e and f shows the variations in all
the concentrations along axis of symmetry s = 0 of an intermediate line s = s,(g)/2
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Figure 3.22. Nonequilibrium Air, M =15, p_, =0.01165
= 0 = -

atm, Too =231", 24 K, (COZ)00 0.2646, (CNZ)oo 0.7354,

Carle =0 By

——x— without Reaction VI; --e—~-without Reaction V;

——4— — without Reactions IV-VI; a) s =0; b) s = 0; d) s = 0;

e)s = s1/2; f) s =s,.

=1 em, 5 =1 (Sphere); — - Six Reactions;
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and the bounding characteristic s = s, (¢). An allowance was made for all the six
reactions:

O, +M 7 20+M; I N +0,2NO+0; v
Nog + M 2 2N+ M I N,+O - NO + N; v
NO+M & N+O+M; I N, + 0,2 2NO. Vi

The N2 concentration is at minimum and that of NO is at maximum; these concen~

trations move from the shock wave to the body with increase in s.

Yu. P. Lun'kov and F.D. Popov were able to develop an algorithm of scheme I
for calculating flows of nonequilibrium gas mixtures [37], which involved difficulties
due to the unstable approximation of the second equation of motion. They have also
investigated the simultaneous occurrence of nonequilibrium excitation of vibrations
and of dissociationina diatomic gas and considered the effect of these phenomena on
supersonic flow past blunt-nosed bodies [38].

Here are some of the results obtained by them. Figure 3. 23 depicts the flow
patterns for nonequilibrium oxygen (equilibrium vibrations) for a sphere (6 = 1) and
ellipsoids of revolution with 8 - 10 and 100. The dashes denote streamlines, and
the dash-dot lines (for the sphere) denote the line of '"local equilibrium", with
dissociation predominating downstream and recombination predominating upstream
of it. It is seen that the region far from the stagnation point, where recombination
has a pronounced effect becomes quite perceptible. This is due to sharp flow ex-
pansion in this region, Figure 3.23 also depicts the pressure and temperature
distribution along the surface of a sphere with radius RO =4 c¢m (curve 1) and
R, = 10 cm (curve 2). The absence of dissociation equilibrium has a marked effect
on the temperature distributions (and on the degree of dissociation) and little effect
on the pressure distribution; here these distributions tend to equilibrium with an
increase in the sphere radius (curve 3).

Figure 3.24 shows the location and shapes of shock waves and sonic lines for
a sphere in the case of fully equilibrium flow of oxygen (curve 1), flow with non~ /186

equilibrium dissociation but equilibrium vibrations (curve 2* for R0 =10 cm and 2

for RO =1 cm), flow with nonequilibrium dissociation and nonequilibrium vibrations

(curve 3) and "frozen' flow for » = 1.4 (curve 4), One's attention is attracted by the
characteristic shape of the sonic line in the case of vibrational-dissociation re-

laxation, TFigure 3. 25 shows the temperature change from the wave to the body

along the axis of symmetry for the same cases (the change is greatest when vi-
brational-dissociation relaxation is taken into account). Figure 3.26 shows the
distribution of t, the average energy of vibrations across the shock front at rays

s = const, while Fig. 3.27 depicts the distributions of translational T and vibrational

TV temperatures along the axis of symmetry. It is seen that vibrational degrees of /187

freedom become highly excited immediately behind the wave (which also involves a
rise in TV), then dissociation starts developing and this results in reduction in the

translational and vibrational temperatures. Complete equilibrium ensues only in the
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stagnation point, with TV always remaining smaller than T. For the case when the

effect of nonequilibrium excitation of vibrational degrees of freedom on the rate of
dissociation was not considered (i. e., a higher [than actuall velocity was con- /188
sidered), the distributions of T and TV had the same nature as Fig, 3.27, except

that a region existed where T, >T. Quantity e, as well as Tv’ has a maximum which

decreases and moves toward the body as one moves away from the axis of flow.

This is due to the fact that the gas temperature decreases upstream and this results,
on one hand in increasing the relaxation time for excitation of vibrational degrees

of freedom, and on the other hand in reducing the magnitude proper of the vibrational
energy.

V.N. Fomin [39] developed a scheme for computing flows with radiation. Figure
3.28 illustrates his results for a flow with equilibrium radiation without absorption,
i.e., A =0 (optically thin medium). He considered the flow of radiating air past a
sphere. The temperature, pressure and velocity distributions along axis of /189
symmetry s = 0 are given (these data have subscript 0), along the intermediate line
s =s,(g)/2 (subscript 2) and boundary characteristic $ = s,(g) (subscript 1). One
observes a marked change in temperature (and, consequently, also in the stagnation
enthalpy) and a relatively small change in pressure as compared with the case with-
out radiation (E = 0). The radiative energy E was calculated by approximating
Kivel's data [26].

A.I, Tolstykh [40] examined the case of supersonic flows past blunt-nosed
bodies at low Re (for example, for flight in a rarefied atmosphere), where the usual
subdivision of the entire flow into external inviscid flow and a boundary layer be-
comes invalid. The entire flow is regarded as viscous, obeying the Navier-Stokes
law.
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Let us briefly consider the statement of the problem. The orthogonal coordinate
system s, n was used. For n = oo all the sought functions take on the values of var-
iables in undisturbed flow. At a finite distance from the body one draws a
sufficiently smooth line ' (n = €(s)), the location of which is tied to the region of
the smeared out "shock wave' (Fig., 3.29a), Line I was selected in a manner
such that regions with relatively sharp changes in functions, characteristic of the
wave structure, be located outside the ''shock layer' (0<h< e(s)) and be defined
as a line at which dwn/ dn =0, The Navier-Stokes equations were solved numerically

for the ''shock layer' region bounded by the body's contour and line ', while outside

of it (n>e(s)) these equations were replaced by similar, but simpler equations.

Solution of these latter equations, satisfying the above conditions at infinity, permits

one to find, with a certain accuracy, the boundary conditions for the equations in

region n< e(s). Here, in accordance with the conservation laws, continuity con~ /1
ditions for the sought functions, as well as for derivatives of the enthalpy and -
velocity components normal to line I' should be satisfied at this line. For the sake

of simplification the Navier-Stokes operator for n> e(s) was represented in the

form of a small-parameter expansion, with the parameter proportional to the cur-

vature of line I'. The calculated results presented here utilize only the zero term,
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Figure 3. 29,

which represents the Becker system, describing local one-dimensional flow across
the shock wave (the order of subsequent terms is ~ 0(1/Re) and higher).

Single integration of equations of the zero approximation yields boundary con~
ditions at line I'. These relations, together with the conditions at the body yield
a sufficient number of boundary conditions for n =0 and n = e(s) for solving the
complete Navier-Stokes equations in the region 0<n< e(s) with the unknown
boundary n = &(s).

A.I, Tolstykh [26, 40] considered, in the region of the "shock layer" equations

obtained from the complete Navier-Stokes equations with the same order of accuracy
2
o a2v  g%h O u . (_1_)

as the boundary conditions (terms of the form 552 352’ dsan 0 Re | » etc., are
missing). This system consists all the gasdynamic equations and equations of the
boundary layer and possesses “elliptical" properties of upstream propagation of
disturbances. The higher derivatives with respect to n in this system are the
same as in the complete equations, hence the boundary conditions for n = 0 and
h = e(s) remain as before.

The numerical algorithm of this system of equations was constructed by means
of scheme I of the method of integral relations. The functions were approximated
across the '"shock layer' not with respect to coordinate n, but to the new variable
t(n, s), which describes approximately the distributions of the tangential velocity
component v for s = const, Upon changing the s, t coordinate system the variation
of the function complexes being represented becomes smoother and approaches linearity
(Fig. 3.29b). As in the case of an inviscid gas, here the number of boundary con-
ditions of the approximating system for s = 0 was also found insufficient for starting
integrating it (N variables are unkown), which is a result of the "elliptical't prop-
erties of the starting system of equations, which are due to the presence of partial
derivatives of the pressure. It was found, however, that these unkowns are deter- /191
mined by N regularity conditions at singular points (N - 1 saddle points and one -
node point).

Figures 3. 30-3. 32 depict some results obtained by calculation for flow past a
circular cylinder at Moo =5,2 and Re = 12,5, 25 and 50 (the body was assumed to be
1

thermally insulated, viscosity coefficient w~h ”, x = 1,4), Figure 3.30 displays
distributions of velocity v in different sections s = const, It is seen that as one
moves away from the axis of symmetry distributions become "fuller." Figure 3.31
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gives the location of boundaries of the gtrips in the physical plane., Figure 3. 32
presents the distributions of pressure Py enthalpy h0 and the variation in the

friction coefficient ¢ £ along the body’s surface (c%< corresponds to free-molecular

flow-diffusive reflection with accomodation coefficient of unity). As follows from
the graph, the pressure distribution changes relatively little for different Re and is
close to the distribution corresponding to the flow of inviscid gas (Re = w), while
the variation of Cs is very sensitive to that of Re,
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Figure 3. 30. Figure 3. 31. Figure 3. 32.

M. M. Golomazov [26] used scheme II for developing a method for calculating
the flow past axisymmetrical bodies at an angle of attack, The problem is solved
with exact consideration of the region of influence, which is ensured by introducing
the coordinate system n = s/sl(:‘,, 8);E=n/e(s, 8); & =0, wheres= s (g, &) is the

equation of the characteristic surface bounding the region of influence, n = ¢(s, 9) /192
is the equation of the shock wave, © is the angle in the transverse plane, The region
of integration in the transverse plane (0 <8< n) is subdivided by rays ¢ = const, and
then trigonometric representation with respect to & are used. Functions with respect
to M are approximated in each meridional plane & = const, as this is done in scheme
II (Fig. 3.33). Using the equations at the wave, body and compatibility equations at
the characteristic surface we get a completely closed approximating system,

Figure 3.34 shows calculations for perfect gas flows(x = 1,4) at an angle of attack

(o =5") around ellipsoid of revolution(s = 2). The shape and location of the shock
waves, as well as the pressure distribution along the strip boundaries are given

for the different meridional sections.

Figures 3.35 and 3.36 compare results obtained by the method of integral
relations for flow at zero angle of attack past a sphere and ellipsoids of revolution
withs =0.5and 1.5 (Moo =3, 4, 6,05, 8,06) with data obtained experimentally by

G. M., Ryabinkov [26] (b, is the pressure distribution along the body, referred to /195
the stagnation-point pressure, ® rad is the angle of the polar coordinate system

r, & with a pole at the center of curvature of the nose) and V. G. Maslennikov and
others (for ¢ ).
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Figure 3,37 depicts the results of calculations for the flow past a sphere
(» = 1,4) at low supersonic free-flow velocities (MOO = 1,15-2.0) obtained by

F.D. Popov using scheme III of the method of integral relations. The shapes of

shock waves and sonic lines are shown; experimental data obtained by A. P. Bedin
and G.I. Mishin are also plotted there (triangles).

Different schemes of the method of integral relations, as well as results of

nurfner]ous calculations of flow past blunt bodies are presented in tables and graphs
in 126],
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2. A Scheme of the Method of Straight Lines for Calculating

Supersonic Flows Past Blunt Bodies With a Detached

G.F. Telenin [41, 42] suggested a numerical scheme of the method of straight
lines for calculating mixed flows in the vicinity of analytically describable bodies.
This scheme uses rectilinear subdivision of the region of integration, the latter
being bounded from top by some ray (and not by a boundary characteristic) passing
in the transonic zone, Calculations here are carried out by the "analytic'" scheme,
with computations for each specific case carried out in the elliptical region until
the boundary ray passes into the transonic region and the data at it no longer have
perceptible effect on the numerical solution. The use here of a rectilinear sub-
dividing mesh for the region of integration makes it possible in general to simplify
the form of the approximating operator. This scheme has been used for a large
number of calculations for ideal gases, flows with physico-chemical transfor-
mations, as well as for three-dimensional flows (first done in 1964) [42].

1, We now present the computational algorithm, following [41]. We consider
for simplicity axisymmetrical flow of a perfect gas (x = const). The starting system
of equations in dimensionless form can be written in the spherical coordinate sys-
tem r, 6,¢, as follows:

A

[xp(”-—l)/"ﬂ(\v)—-uzlau w S v {[p RO

vi’]g uvae} ”65\") 1)/"(:2u+vctge) = 0;
v _ 1o _v_ % oo P d8(y) (3.14)
y Trae T T Tx-r’n Ny)  dy (

?_ 1 pl/"<"—2-—'i'i‘i~u‘2—u—); ﬂl=—1—p”"rvsin0
(ﬁ(v)-},—!’lx); J

where u and v are projections of velocity vector w onto unit vectors r and &, referred

. 2
to Woax® P and p are the pressure and density referred to poowmax and Poo’
respectively; r is referred to characteristic dimension 1L, while the streamline v is
referred to P, w L2.
‘0 max

As usual, the boundary conditions are specified at the shock wave, axis of
symmetry and the body's contour. The solution is sought in a class of functions
with a continuous limited derivative for analytically describable bodies.

The boundary-value problem is more conveniently solved by replacing r, e by

r —

the coordinate ¢ = —-e—o- » 9, where r = r (e) is the equation of the body's contour,
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while r = ¢ 140) =15 (0) + e(0) is the equation of the shock wave. In variables

¢, 0 the region of integration between the shock wave and the body is transformed
into the strip 0 <& <1.

T=2,(8)

Figure 3. 38,

We draw a ray o = const in the upper half plane m + 1 (Fig. 3.38) and represent
the sought functions by means of Legendre polynomials, having reference to sym-
metry of the flow with respect to ¢ = 0. Then we get for functions

m ] M0 a2+ 5 0.2
e 3 W@ va 2 v 067 1= 2 1l (3.15)
i-o I-:O ]=l

and for derivatives with respect to e

m . m .
W= 3 2ju?(g)e I (2;’+1)v;.)(g)02’;
fe=] j=0
! ! (3. 16)
m .
-z 2jr% e/
ji=0 /!
ips 0 0 0 . .
Quantities uJ. , vj and r, are linear functions of the values of u, v and r, at the

m + 1 rays in the upper half plane,
Substituting the expressions for derivatives with respect to o in Egs. (3. 14) and

requiring that the obtained expressions be satisfied identically at each ray, we get
an approximating system of ordinary differential equations for u, , Vier Py and vp,
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which are the approximate values of these functions at the rays. Solving this equa-
tion for derivatives with respect to &, we finally get
duy _elrgr+ Ee)

2 v ’
de Ay {Ck[ukv%(r°k+gek) b (Fo g+ By )

(Fy+Ee; )] ~d, (2up+vyctgey) = bl +(u] ~V7) %

b(r;, + Ee; )
M—_A‘_ 4 (2ué -Uk)ukvl;};

l’ok + &ek
dv , 7 +Ee] du v
__k.= __1_.,._. u ——L’Z__k o k_ . —"
dg Ek['ok-"gek(k €L d€> Tok+~‘é8k +C-’-‘(r01;+‘5€r’;_)|’
2 , ,
_dﬁ=ekpl/ﬂ- v, Y ",__er-gek é'_k_ o /ﬁ;i ;
de &(\yk) Poptse,  ToptEe, k e, de 5, dz
dy
_]£ = € (r + ge ) 1 pl/)(v Sin 9, -
P 1/ % b
° TGy, (k=0,1,..., m),
where 1 2 (x~1)/ 9
x-—= - x
Q= xp &(\]Jk)-—uk; bkgxp 8(“’]‘)_ ‘gk;
; P ds(y) (=107 %
€, =—sing, x k ¥ . d —xp 8(
k ‘x =1 ﬂ.(wk) d\'r' -y, k k \l‘k):

with subscript k denoting the values of variables at the kth ray, the prime denoting
derivatives with respect to 6, calculated from Eqs. (3. 16).

At the zero ray (k = 0) all the terms of the second and fourth of equations (3. 15)
vanish identically., To improve the system's accuracy it is expedient to introduce

here equations for (9% =00,
d6 0o 0

The approximating system should be supplemented by an equation relating the
detachment ¢ of the shock wave from the body to the angle the shock wave makes
with the axis of symmetry, and the boundary conditions at the wave and body serve
as boundary conditions for the system of ordinary differential equations.

The algorithm of the numerical solution reduces to the following. Specification

of m + 1 variables r;) =0, 1, ..., m) determines approximately the equation of

the shock wave, while the use of relationships at the shock wave makes it possible to
determine all of the flow variables behind the shock wave. Solving then the Cauchy
problem for the approximating system, we shall determine the values of variables in
nodes at the surface of the body which, in general, do not satisfy the boundary con-
dition on the body. Selecting by iteration values of r0 in such a manner that the

boundary condition at the body be satisfied in all the nodes on the latter's surface
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with the required accuracy, we shall obtain the sought solution of the approximating
system in the mth approximation.

The computational method thus consists in constructing a sequence of equations
which satisfies in the limit all the boundary conditions in region ACFE: relations on
the shock AC, symmetry conditions on the axis segment AE, and the boundary con- /199
dition on the body's surface EF,

The additional condition of bounded derivatives (nonvanishing of the Jacobian
ax,y)/ d(w,w, )) is satisfied automatically, since each term of the sequence of
approximate Solution satisfies it. If the shape of the shock for which a limiting line
arises in region ACEF is initially specified or is obtained in the process of
iteration, it will be automatically set aside by the program, since the process of
computation would be interrupted. The sought solution and the solutions obtained in
the course of iterations belong to the class of analytic functions for which the Cauchy
problem is correct.

2. Results calculated using this scheme are now presented [41]. Figures
3.39-3. 42 illustrate the effect of M00 and of the shape of the body on the geometric

pattern (relative location of the body's surface, shock wave and sonic line) of flow
of a perfect gas with = 1,4, Figure 3,39 shows the effect of changes in Moo in a

wide range for flow past an ellipsoid with ratio of semiaxes 8 =2, Figure 3,40
depicts the flow pattern at Moo = 3 for a family of bodies with the nose-section
shape defined by the expression <™+ yn =1, For n> 2 the radius of curvature R0
at the stagnation point is equal to infinity, while when n goes from 2 to 10 the ratio
of the minimum (in the vicinity of the corner) radius of curvature Rmin to the body's
diameter (R_ . /D) changes from 0.5 to 0.07. Figure 3. 41, pertaining to flow at
M _ =3 past Cassini's ovals, the contour of which is given by the expression

0. 22 .22 2 _ 4 4,2 2
(x2 +y°)" +2c°x" -y°)=a -c (a“ +c” = 1), shows the effect of a contour con-
cavity in the vicinity of the stagnation point, Figure 3.42 shows the flow at Moo =

3 past body "a'', whose contour has a break in curvature at point ¢ and is formed by
conjugated circles with radii RO/ D =1 in the vicinity of the stagnation point and

Rl/D =0, 2 in the vicinity of the middle section, and past body 'b", consisting of a

60° segment with a corner point. Figure 3.43 depicts the pressure distribution on
the surfaces of bodies of various shapes in a flow with Moo = 3. To prevent the

curves from merging into one, the polar angle is used as the argument along the
body's surface (for body '"b" ¢ = o, where o, is the angle made with the pole at the

center of the circle with radius RO (see Fig. 3.41), for body "a" o = ¢, up to point
¢, and then o = ¢ 1c* 9, (see Fig, 3,42). The points represent experimental data of /201
Yu. Ya. Karpeyskiy.

The supersonic flow of nonequilibrium air past a sphere was studied with allowance

for the kinetics of excitation of vibrations in O2 and N2, dissociation and transfer proc-

esses, including N2 + 02 = 2NO and ionization by atom collisions N+O=_NO+ + e,
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Figure 3.39. Figure 3. 40,
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Figure 3,41, Figure 3.42,

N+N= N; +e, and O +0 = Og + e, which satisfactorily describe the process up to
M ~ 30. The effect of physico-chemical transformations occurring behind the shock

wave on its detachment is shown in Fig. 3.44, where pressure p is given in bars,
curves 1 and 2 correspond to the equilibrium, curve 3 corresponding to frozen, and

the remaining curves to nonequilibrium external flow.

The calculations represented in Figs. 3.39-3. 41 were carried out with a 9-point
scheme (m + 1 =9) and those in Fig. 3.42 with a 5-point scheme (m + 1 =5), Without
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T =250°K, R, = 0,015 m,
(00) 0

dwelling here on the determined degree of accuracy, we note that the total error in
the computation of most of the versions did not exceed 1%. A review of studies and
results obtained using this scheme is presented in [43],

3. On the Use of Pseudo-Viscosity in Numerical Solution of the
Inverse Problem of Gasdynamics

Alongside with studies concerned with solving the direct problem of supersonic
flow about a blunt body, a large number of investigations have appeared during /202
the past several years concerning the so-called inverse problem. In methods of
this type specification of the shock wave defines all the initial conditions, which
makes it possible to construct a solution by moving step by step away from the
wave. This somewhat simplifies the calculations; however, it requires assuming
that the shape of the blunt body is that which is obtained from the calculations.

In cases when a solution must be found for a body of specified shape, trial and

error must be used. The required shape is obtained approximately to a given degree
of accuracy, which is determined by the number of variables of the shock-wave
family.

Another substantial shortcoming of methods of the inverse type is their inherent
instability, brought about by the fact that the inverse problem of gasdynamics (which
reduces to the Cauchy problem for a system of elliptical-type differential equations)
is incorrectly stated.

The main difficulties in numerical solution of the inverse problem here consist
in the fact that the errors due to approximating and rounding increase exponentially
as one moves away from the shock wave. The solution becomes "'spoiled' as early
as after 10-12 steps. The difference grid which is obtained with the above limit on
the number of steps may be found to be exceedingly coarse in many important cases,
for example, in calculating the flow past blunt bodies with allowance for relaxation
in the shock layer.
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This instability can be overcome only with extreme difficulty. Thus, in the
Van Dyke and Mangler methods this instability requires taking a small number of
steps when computing from the shock wave to the body, which appreciably reduces
the computational accuracy. In the Garabedian-Libershteyn method this instability is
eliminated by analytically extending the initial conditions into the region of a fictitious
third dimension, where the equations are parabolic and the solution is constructed
by the method of characteristics, Systematic computations using this method can be
carried out only with great difficulties.

Practical needs have resulted in the appearance of various methods for regulariz~
ing such problems [44, 45]. M. M. Lavrent'yev [44] presented a method for solving
the initial-conditions problem for the Laplace equation by introducing higher than
second-order derivatives (with small coefficient) of the unknown function into the

equation.

L.1, Severinov developed a method for regularizing the inverse problem of /2C
gasdynamics by introducing into the differential equations of gasdynamics -
higher-order derivatives (with small coefficients) of the sought functions (pseudo-
viscosity). This "damps' out the instability in computing the problem with initial
conditions at the shock wave, and stable computations are possible. Following
Severinov [46] we now present the algorithm developed for his method.

1. We consider supersonic flow past a blunt body of revolution at zero angle of
r
attack. The detached shock wave is specified in the formz | /R = ch <§L - >, where
0

ry and z, are cylindrical coordinates in the physical plane, with zq measured along

the flow from the point of intersection of the shock front with the axis of symmetry,
R0 is the radius of curvaiure of the shock wave at r, = 0. The shock wave was

selected in such a manner as to obtain a close-to-spherical body,

Let x and y be coordinates in an orthogonal curvilinear system, traveling with
the shock wave. Lines x = const are perpendicular to the shock front, lines y = const
are at equal distances from it (at the shock wave y = 0). The Lam§€ coefficients in
this coordinate system have the form Hx =1-y/(1 +x2), Hy =1, We convert to the

cylindrical coordinate system using the expressions

T 2z
r.gl=ln(x+\/1+x2)__£y_—, Z-=§l—= 1+x2—1+—_y—n.
Ro 1+x2 0 1+x~“

We introduce second derivatives, with respect to x, of the velocity vector
components into the differential equations of gasdynamics. For this we consider a
gas which has a stress tensor with the components

> e dvU
- - _ljou _ [gu ; — ; =0; =—PD,
Pux P+ Hx[ax (ax)o] pxy H,ox pyaq py'y P
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where u and v are the velocity vector components in the x and y directions,
respectively, p is the pressure, ¢; and e, are small constant coefficients and

(%%) is the derivative at x = 0 (function of y).
i}

Then the system of equations of gasdynamics (equations of motion, conservation
of the mass and energy) will be written in the form

/204

B8 70y T e, M9 HZax® (e OF

i‘i_(ﬂ) 1 2rxy ),
rH, 9% \9%/o|\V1+:2Z (14x2)H2

2
—pl—,a—y-ﬂwéz+———-P"2 =—@—+ela I)+ °) a—li_(@—> +
H,0x 7 ay e, 9V HZax? (HHZ[9Y \9X)

Soovf 1 2rxy .

My F\Vi+x? (e’
dp guv udp pou. oM ( 1 x ) )
Vor 4pomt— oot rom o b = — pU + =0;
Jy oy H, 2x Hxax r /1+x2 (1+I2)Hx r r—1+x2

gk ,,3h _w % v _ °1gu Q_H__(él_) .
H, 0T ~ay eh,oxr Poay og29xr|d9x \ox)o

x
_“’La_v<am u
oll 9x \ox 1,42

2
x

where h is the specific enthalpy, ¢ is the density, and r = rl/RO. This system is

joined by equations of state and equations describing relaxation processes.

The calculations described above were carried out for a system of chemical
reactions, coinciding with the Duff-Davidson system. Allowance was also made for
nonequilibrium excitation of vibrational degrees of freedom of nitrogen and oxygen
molecules, The calculations were made for a medium at rest, consisting of a
mixture of argon and molecular oxygen and nitrogen, the mole fractions being
0.0097, 0.2095 and 0.7808, respectively.

2. The difference net in the x, y plane had rectangular cells. The derivatives
of the sought functions contained in the gasdynamics equations were approximated by
intersections marked by crosses in Fig. 3.45a. Derivatives with respect to x at
the nth strip were approximated within (ax )*. There was no need to use schemes
with a higher degree of accuracy with respect to x. Successive approximations
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were used in zones with large gradients. The derivatives of the concentrations were
approximated by grid points marked in Fig. 3.45b.

Z |
067 'y
/
W
n+{
0.4 1
E
..Ax
8y
0.2 ]
/ Ax
|
]
|
! , e
o 0.2 04 Zz

Figure 3. 45,

Figures 3,46-3, 48 present some calculated results, which show the effects of
instability in numerical computation of the inverse problem of gasdynamics and also
the smoothing effect of pseudo-viscosity. The free-flow variables were Py = 1

kgt/m”, T, =230°K, M_ =12.0, and Ry =1 m,

The broken lines in Figs. 3.46 and 3. 47 represent second differences of u and
v, calculated along the strip y = const at the 17th step from the shock wave for
€)= e5= 0, i.e,, without second-order derivatives in the gasdynamics equations.
It was found from experience that the magnitude of the stagnation enthalpy is very
sensitive to computational errors, and hence the problem was solved using the dif-
ferential equation of conservation of energy, while the requirement that the stagnation
enthalpy be constant was checked, in order to verify computational accuracy, at
each intersection on the grid after all the variables were calculated. The broken line
in Fig. 3.48 represents the stagnation enthalpy at the body's contour at £ ;= €,=0.
As follows from this figure, the variation in the stagnation enthalpy along the con-
tour is excessively high, In addition, the contour obtained is a broken line and the
impermeability condition is not satisfied at it.

The smooth curves in Figs, 3.46 and 3. 47, drawn along points obtained with
e;=10-%, ¢, = -10-2, illustrate the smoothing effect of pseudo-viscosity. The
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Figure 3. 48,

stagnation enthalpy with the above values of ¢, and ¢, along the body's contour and
in the region of flow computation differed from the stagnation enthalpy of undisturbed
flow by not more than 0.3%. The calculated points lie in Fig. 3.48 on the straight
line hO = const, which shows that the computations are sufficiently accurate. In this

example the minimum number of steps from the wave to the body was 16, Proper
selection of magnitudes of ¢, and ¢, always made it possible to obtain a smooth
body contour and to satisfy the impermeability conditions at it.
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The step for y was initially selectedinsuch a manner as to provide for required
accuracy and stable computation of concentrations, after which values of ¢, and &,
were selected for eliminating the effect of the rapid increase in errors inherent to the
problem with initial conditions for a system of elliptical-type equations, It was
possible to bring the number of steps between the shock front and body to 80-90. The /2
calculations were carried out in a minimal region of influence, -

3. Figures 3,45 and 3.49-3, 52 illustrate results of computations with P =
0.595 kgf/m”, T_ =218°K, M_ =11.8, Ry =1 m. Figure 3.45 shows the body's

contour, shock wave, sonic line and streamlines, A dashed line on this figure also
shows the contour of the body and the sonic line of the flow "frozen" in the shock
front, Figures 3.49-3. 52 present the mole fractions of atomic nitrogen, nitrogen
oxide and the energy of vibrational degrees of molecular freedom for oxygen and
nitrogen along streamlines drawn in Fig. 3.45, In all the figures s is the length
along the body's contour or streamlines, referred to RO, zZ = zl/ RO' Values of s =0
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in Fig. 3.48 correspond to the stagnation point. In the remaining figures s = 0 at

the shock wave. In this example Ax = 0,03, Ay = 0.0025, &; = 1073, &, = =107 2,

/208
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Figure 3. 52,

It can be expected, on the basis of the calculations above, that the use of higher
derivatives will be beneficial also in numerical solution of other, similar problems.
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The methods for doing so can apparently be quite numerous, depending on the con-
ditions of the problem,

Pseudo-viscosily was previously introduced into gasdynamics equations in
order to enable continuous computations across shock waves in numerical solution
of problems. The starting system of differential equations in these cases was of
the hyperbolic type. The computations described above present a second use of
pseudo-viscosity.

REFERENCES

1. Dorodnitsyn, A.A. Concerning a Method of Numerical Solution of Some
Nonlinear Problems of Aerohydrodynamics [in Russian], Trudy III
Vsesoyuznogo matematicheskogo s''yezda [Transactions of the 3rd All-

Union Mathematical Congress], 1956, Vol. 3, pp. 447-453, Moscow,
USSR Acad. Sci. Press, 1958.

2. Belotserkovskiy, O. M. and P.I. Chushkin. The Numerical Method of Inte-
gral Relations [in Russian], Zhurnal vychislitel'noy matematiki i mate-
maticheskoy fiziki, Vol. 2, No. 5, pp. 731-759, 1962,

3. Dorodnitsyn, A,A. Concerning a Method of Solving the Equation of a Laminar
Boundary Layer [in Russian], Prikladnaya mekhanika i tekhnicheskaya fizika,
Vol. 1, No. 3, pp. 111-118, 1960.

4, Bobkov, V.V, The Method of Integral Relations for Equations and Systems of
the Hyperbolic Type [in Russian], Candidate's Dissertation in Physical and
Mathematical Sciences, Minsk, Belorusskiy gosudarstvennyy universitet,
1964,

5. Belotserkovskiy, O.M. Symmetrical Supersonic Flow of an Ideal and Real Gas

* About Blunt Bodies [in Russian], Zhurnal vychislitel'noy matematiki i
matematicheskoy fiziki, Vol. 2, No, 6, pp. 1062-1085, 1962,

6. Chushkin, P.I. Computation of Certain Sonic Gas Flows [in Russian].
Prikladnaya matematika i mekhanika, Vol. 21, No. 3, pp. 353-360, 1957,

7. Pavlovskiy, Yu.N., Numerical Computation of the Laminar Boundary Layer
in a Compressible Gas [in Russian], Zhurnal vychislitel'noy matematiki i
matematicheskoy fiziki, Vol. 2, No. 5, pp. 884-901, 1962,

8. Chushkin, P.I. Blunt-Nosed Bodies of Simple Shape in Supersonic Gas Flows
[in Russian], Prikladnaya matematika i mekhanika, Vol. 24, No. 5, pp. 927-
930, 1960,

9. Katskova, O.N., L. N. Naumova, Yu. D. Shmyglevskiy and N.P. Shulishnina.
Experience in Computing Plane and Axisymmetric Gas Flows by the Method of
Characteristics [in Russian], Moscow, Computing Center of the USSR Acad.
Seci,, 1961,

10, Naumova, I.N. The Method of Characteristics for Equilibrium Flows of an
Imperfect Gas [in Russian], Moscow, Computing Center of the USSR Acad.
Sci., 1964.

11, Katskova, O.N. Calculation of Equilibrium Gas Flows in Supersonic Nozzles [in
Russian], Moscow, Computing Center of the USSR Acad. Sci., 1964,

12, Katskova, O.N, and A, N, Krayko. Calculation of Plane and Axisymmetric
Supersonic Flows in the Presence of Irreversible Processes [in Russian],
Zhurnal prikladnoy mekhaniki i tekhnicheskoy fiziki, No. 4, pp. 116-118, 1963,
Moscow, Computing Center of the USSR Acad. Sci., 1964,

192

NG



13.

14,

15.

16.

17,

18.

19.

20.

21,

22,

23.

24,

25,

26,

Belotserkovskiy, O. M. and P.I. Chushkin. The numerical solution of problems
in gas dynamics. Basic developments in fluid dynamics, Vol. 1, New York
and London, Ac, Press, 1965,

Katskova, O, N. and P.I, Chushkin. Concerning a Scheme of the Numerical
Method of Characteristics [in Russian], Doklady Akad. Nauk SSSR, Vol. 15,
No. 1,pp. 26-29, 1964,

Rusanov, V.V. Characteristics of General Equations of Gasdynamics [in
Russian], Zhurnal vychislitel'noy matematiki i matematicheskoy fiziki,

Vol. 3, No. 3, pp. 508-527, 1963 (first published in 1953).

Podladchikov, Yu.N. The Method of Characteristics for Calculating Three-
Dimensional Supersonic Gas Flows [in Russian], Izvestiya Akad. Nauk SSSR,
Mekhanika, No. 4, pp. 3-12, 1965,

Magomedov, K. M. The Method of Characteristics for Numerical Computation of
Three-Dimensional Gas Flows [in Russian], Zhurnal vychislitelnoy mate-
matiki i matematicheskoy fiziki, Vol. 6, No. 2, pp. 313-325, 1966.

Katskova, O.N. and P.I, Chushkin. Three-Dimensional Supersonic Equilibrium /211
Flow of Gas About Bodies at an Angle of Attack [in Russian], Zhurnal
vychislitel 'moy matematiki i matematicheskoy fiziki, Vol. 5, No. 3, pp. 503-
518, 1965,

Dushin, V.K. The Application of the Method of Characteristics to Compu~
tation of Supersonic External Gas Flows with Nonequilibrium Processes [in
Russianl, in Chislennyye metody resheniya zadach matematicheskoy fiziki
[ Numerical Methods of Solving Problems of Mathematical Physics! (supple-
ment to Zhurnal vychislitel 'noy matematiki i matematicheskoy fiziki),
pp. 194-200. Moscow, Nauka Press, 1966.

Zapryanov, Z.D. and V, B. Minostsev. A Method for Calculating Three-Di-
mensional Supersonic Gas Flows Past Bodies [in Russian], Izvestiya Akad. Nauk
SSSR, Mekhanika i mashinostroyeniye, No. 5, pp. 20-24, 1964.

Chushkin, P.I. and N, P. Shulishnina. Tablitsy sverkhzvukovogo techeniya
okolo zatuplennykh konusov [ Tables of Supersonic Flow About Blunt-Nosed
Cones], Moscow, Computing Center of the USSR Acad. Sci., 1961,

Belotserkovskiy, O. M. Osesimmetrichnoye obtekaniye zatuplennykh tel s
otoshedshey udarnoy volnoy (raschetnyye formuly i tablitsy poley techeniy)

[ Axisymmetric Flow Past Blunt Bodies with Detached Shock Wave (Compu-
tational Formulas and Flow-Field Tables)l, Moscow, Computing Center of
the USSR Acad, Sci,, 1961.

Belotserkovskiy, O. M., M. M. Golomazov and N.P. Shulishnina. Calculation of
the Flow Past Blunt Bodies with a Detached Shock Wave of Equilibrium
Dissociated Gas lin Russian], Zhurnal vychislitel'noy matematiki i
matematicheskoy fiziki, Vol. 4, No. 2, pp. 306-316, 1964,

D'yakonov, Yu.N. Three-Dimensional Flow Past Blunt Bodies with Allowance
for Equilibrium Physico-Chemical Reactions [in Russian], Doklady Akad. Nauk
SSSR, Vol, 157, No. 4, pp. 822-825, 1964,

Babenko, K.I. and G, P. Voskresenskiy. A Numerical Method for Calculating
Three-Dimensional Supersonic Gas Flow About Bodies [in Russian], Zhurnal
vychislitel 'noy matematiki i matematicheskoy fiziki, Vol, 1, No. 6, pp. 1051~
1060, 1061,

Belotserkovskiy, O. M., A. Bulekbayev, M. M. Golomazov, V.G. Grudnitskiy,
V. K. Dushin, V.F. Ivanov, Yu. P. Lun'kin, F.D. Popov, G. M. Ryabinov,

Y. Ya. Timofeyeva, A.I. Tolstykh, V.N. Fomin and F.V. Shugayev.
Obtekaniye zatuplennykh tel sverkhzvukovym potokom gaza (Teoreticheskoye i
eksperimental'noye issledovaniya) [ Supersonic Gas Flow Past Blunt Bodies (A
Theoretical and Experimental Study)l, Moscow, Computing Center of the USSR
Acad. Sci., 1st edition 1966, second corrected and revised edition, 1967.

193



27.

28.

29.

30.

31,

32.

33.

34.

35,

36,

37.

38.

39.

40.

41,

194

Belotserkovskiy, O. M.. Flow Past a Circular Cylinder with a Detached Shock
Wave [in Russian], Doklady Akad. Nauk SSSR, Vol. 113, No. 3, pp. 509-512,
1957.

Belotserkovskiy, O. M., A. Bulekbayev and V.G, Grudnitskiy. Algorithms of /21
Numerical Schemes of the Method of Integral Relations for Computing -
Mixed Gas Flows [in Russianl, Zhurnal vychislitel'noy matematiki i
matematicheskoy fiziki, Vol. 6, No. 6, pp. 1064-1081, 1966.

Li Li-K'ang. Some Problems of Supersonic Gas Flow Past Bodies [in Russian],
Candidate's Dissertation in Physical and Mathematical Sciences, Moscow,
Computing Center of the USSR Acad., Sci., 1966,

Belotserkovskiy, O. M., and V, K. Dushin. Supersonic Flow of Nonequilibrium
Gas Past Bodies [in Russian], Zhurnal vychislitel'noy matematiki i
matematicheskoy fiziki, Vol. 4, No. 1, pp. 61-77, 1961,

Belotserkovskiy, O, M., Ye.S. Sedova and F.V. Shugayev. Supersonic Flow
Past Blunt Bodies with a Sharp Corner in the Contour [in Russian], Zhurnal
vychislitel moy matematiki i matematicheskoy fiziki, Vol. 6, No. 5, pp. 930-
934, 1966,

Vaglio~Laurin, R.. Transonic rotational flow over a convex corner. J. Fluid.
Mech., Vol. 1, No. 9, pp. 81-103, 1960.

Popov, F.D.. Concerninga Scheme of the Method of Integral Relations in the
Problem of Supersonic Flow Past Blunt Bodies [in Russian], Zhurnal
tekhnicheskoy fiziki, Vol. 36, No. 2, pp. 239-245, 1966,

Godunov, S.K., A.V. Zabrodin and G.P. Prokopov. A Difference Scheme for
Two-Dimensional Unsteady Problems of Gasdynamics and Calculation of
Flow Past Bodies with a Detached Shock Wave [in Russianl, Zhurnal
vychislitel 'noy matematiki i matematicheskoy fiziki, Vol. 1, No. 6, pp. 1020-
1050, 1961,

Ivanov, V.F, Calculation of Supersonic Flow Past Blunt Bodies with a Sharp
Corner in the Contour [in Russianl, Report to the All-Union Conference on
Computational Mathematics, 22-26 January 1965, Moscow, USSR Academy of
‘Sciences, Ministry of Higher and Secondary Professional Education of the
Russian Soviet Federative Socialist Republic,

Dushin, V.K. and Yu. P, Lun'kin. Supersonic Flow of Nonequilibrium Dissociated
Air Past Blunt Bodies [in Russianf), Zhurnal tekhnicheskoy fiziki, Vol. 35,

No. 8, pp. 1461-1470, 1965,

Lun'kin, Yu. P, and F.D. Popov. Effect of Nonequilibrium Dissociation on
Supersonic Flow Past Blunt Bodies [in Russian], Zhurnal vychislitel'noy
matematiki i matematicheskoy fiziki, Vol. 4, No. 5, pp. 896-904, 1964,

Lun'kin, Yu.P, and F.D. Popov. Effect of Vibrational-Dissociation Relaxation
on Supersonic Flow Past Blunt Bodies [in Russian], Zhurnal tekhnicheskoy
fiziki, Vol. 36, No. 4, pp. 661-671, 1966,

Fomin, V.N. Hypersonic Gas Flow Past Blunt-Nosed Bodies with Allowance for /21
Radiation [in Russian], Zhurnal vychislitel 'noy matematiki i matematicheskoy
fiziki, Vol. 6, No. 4, pp. 714-726, 1966.

Tolstykh, A.1I. Concerning Numerical Computation of Supersonic Flow of Viscous
Gas Past Blunt-Nosed Bodies [in Russian], Zhurnal vychislitel 'noy matematiki
i matematicheskoy fiziki, Vol. 6, No. 1, pp. 113-120, 1966,

Gilinskiy, S.M., G.F. Telenin and G.P. Tinyakov. A Method for Calculating

Supersonic Flow Past Blunt-Nosed Bodies with a Detached Shock Wave [in
Russian], Izvestiya AN SSSR, Mekhanika i mashinostroyeniye, No. 4, pp. 9-28,
1964,



42,

43.

44,

45,

46.

Telenin, G.F. and G. P, Tinyakov. A Method for Calculating Three-Dimensional
Flow Past Bodies with a Detached Shock Wave [in Russianl], Doklady Akad.
Nauk SSSR, Vol. 154, No. 5, pp. 1056-1058, 1964.

Gilinskiy, S. M., G.F. Telenin and G.P. Tinyakov. A Method for Calculating
Supersonic Flow Past Blunt-Nosed Bodies with a Detached Shock Wave, in
Vychislitel 'ny%'e metody i programmirovaniye [ Numerical Methods and
Programmingl, Collection of Works of the Computing Center of the Moscow
State University, No. 6, Moscow, Moscow State University Press, 1967.

Lavrent'yev, M. M. Concerning the Cauchy Problem for the Laplace Equation
[in Russian], Doklady Akad. Nauk SSSR, Vol. 102, No. 2, pp. 205-206, 1955.

Chudov, L. A. and V, P, Kudryavisev. Concerning Rounding-Off Errors in
Solving Problems with Initial Conditions for Elliptical Equations and Systems
Using Difference Methods, in Chislennyye metody v gazovoy dinamike
[ Numerical Methods in Gasdynamics], Collection of Works of the Computing
Center of the Moscow State University, No. 2, Moscow State University Press,
1963.

Severinov, L.I. On the Application of Pseudo-Viscosity in Numerical
Solution of the Inverse Problem of Gasdynamics [in Russian], Zhurnal
vychislitel 'noy matematiki i matematicheskoy fiziki, Vol. 5, No. 3, pp. 566~
570, 1965,

195



CERTAiN NUMERICAL METHODS FOR SOLVING EQUATIONS
OF THE BOUNDARY LAYER

V.V. Shchennikov

All the available numerical methods for solving boundary-layer equations can
in substance be subdivided into two classes: a) methods based on the use of integral
relations, which can be obtained from differential equations; b) finite-difference
methods, based on difference representation of starting differential equations and
boundary conditions.

The first class of methods includes the well-known Pohlhausen method, the
Loytsyanskiy-Dorodnitsyn parametric methods and, finally, the method of integral
relations (simple and generalized) due to Dorodnitsyn, which has lately come into
extensive use.

An item of importance in considering finite difference methods in solving
boundary-layer equations is the initial form of these equations. The known von
Mises transformation transforms the equation of an incompressible boundary layer
to the heat-conduction equation:

where z = V2 - u is the energy defect.

The convenience of this equation is apparently the possibility of using well-de-
veloped methods for solving the heat conduction equation. This approach has the
shortcoming that the coefficient of the leading derivative vanishes at the boundary

of the solid body ( / vi-2z-=0 fory=0). A way out of this situation is to isolate
the singularity in the vicinity of the body. It is found that the solution in the vicinity

of the wall has the form
3,
MEasbrecx? +dx?i0x?),

where u = (1 - x)z; x =Y @ ,b, ¢, —const). Approximating the solution by

Yoty "o
means of the polynomials
'
2
W~a, +b x+c 17,

we get a difference representation of the equation, which is then solved by one of
the methods.
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Another transformation of boundary-layer equations is that due to Crocco. The
equation in Crocco variables has the form

2
3% i"_") d 5 (u
au? aE\T _E'¢9_u<¥)=°’

where © = p ‘3—;— . The advantage of this transformation is obvious and consists in the

fact that the domains of definition of the solution (O<® <1} are finite, Clearly, this
transformation requires the existence of the single-valued function y = y(u). Itis
obvious that accelerated flows in the case of a heated wall (when the longitudinal
velocity distributions in the boundary layer have the form shown in Figs. 1 and 2)
cannot be described in terms of Crocco variables. In the majority of cases dif-
ference schemes are constructed with boundary-layer equations in terms of ordinary
physical variables (velocity, density, pressure).

Figure 1.

We shall consider two of the most interesting of the above methods for solving
boundary-layer equations: the A. A, Dorodnitsyn method of integral relations and
one of the difference methods.

1. The Generalized Method of Integral Relations /216

This method was presented in general outline in O. M. Belotserkovskiy's lectures.
We shall illustrate it in more detail in its application to equations of a laminar, in-
compressible boundary layer, The starting equations have the form

2
au ou _yy- au,
ua—x-+vé§--VV +Vay2,
(1.0)
u I _y
ax  ady
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with the boundary conditions

where V = V(x).

Using the Dorodnitsyn transformation

-l;=£' v-= v_. 5:;‘7&1" n= _.1__ ;Vd Vy
\% Vﬁ o ’ \/V o n \/_v_a
Egs. (1.0) are reduced to the form
gL, 38 Vo gy 0% (1.1)
ag an—V af\z ’ )

an . dw _

38 ton "0
where

w=;+%'ﬂ5’

with boundary conditions

U=w=0 for n=0;
1-1_-01 for TN *><e

Subsequently we will have to know the behavior of this solution in the starting
segment of the boundary layer, It is known that, if V = cx™, then the solution can be
represented in the form

] =f0(yx1/2(m“”)+ ..

or in the £, n coordinates
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for any m, Seeking a solution in the form /217

we get for function ¢ the known Falkner-Skan equation

2724 2 2m ,2
+ 997 + (1- )=0
® ¢ m41 ¥

with the condition
@0) =" (0) =0; ¢ () =

We note that in this case the stress at the wall is expressed, in terms of function
¢, by

N Ju e —~— 97(0)
Ty =P sz(——) =pViyv T_2
/im0 Vg

To obtain the integral relation we multiply the second of equations (1. 1) by f(a),
and the first of equations (1.1) by f'(u) and then add the expressions thus obtained.
As a result we get (omitting the bar over u)

d J ri _i’ ’ 2
gg[uf(u)hﬁ[wf(u)]—vf (W) (1-u")+f” (L)GT‘

All that is required of function f(u) is that it tend sufficiently rapidly to 0 as n » =.

Integrating the equation thus obtained with respect to n from 0 to o, we get

4T ufwydn - :—// T (oud)f du - f” (0)(%% _
%o mn =0

50 2
ou " dr .
f(an £ (u)dn

0

We introduce the notation
1 1
= and 0, = .
u/an 0 (6“70n>nno

199



which finally yields the following integral relation

d . PV R OIS MO
Egofeuf.(u)du Vor o(l—u")f’(u)du % 5 u

(1.2)

In particular, for f(u) =1 - u we have an analog of the known Karman integral re-
lation for incompressible laminar boundary layers,

Now we must select function {f 1, . In order to do this, we utilize the fact that

function e in the boundary layer has the gualitative behavior:

e---O(l ) as u-1,
1 -u

With reference to the above, we represent ©¢ in the form of the following power
polynomial in U:

N-1
=11—u(ao+alu+...+aN_1u ),

similarly also for 1/0:

L e (1= (by +byus.eo 4 by "),

Coefficients a_ and bO are functions of the values of € and 1/e at interpolation points

0

It is natural to select functions fn in the form
f 0 = (1-u)".

This ensures convergence of all the integrals in integral relation (1.2). We shall
present the final form of approximating equations for the first three approximations.
It will be useful to note that these equations are universal and are functions of only
one variable typifying the body's geometry, namely the ratio V/V [1].
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The system of the first approximation. The approximating expressions are

.1 1
; é—=5;(1-u).

The system of the second approximation:

0= T_L;I[OOU"Q") +0,ul; %: (1~u)l§1—2u)% + ;_l 4u:';

- " P
ao+§—r(900+101)=ﬁ—:’lg

% 9,
v 20 16 /219
el+—‘7(490+691)=é—‘;—-€—)~;.

The system of the third approximation:

0=

1 9 9 . 1 24 .
1__“[90(1_5“*-:2— 2)+91(4u—6u2)+92§‘(_u+3u9)]y

L 11904202y 2 @ue3u?)s 2 (- 2y,
e=(1—u)[9—0\1——2-u+2u>+291(21: 3u )+29 (—u+3u ):]

- V(67 7 1 234 9 |
00*"‘7(—2—904'4091—569’225%—— l+6;y

(the dot denotes differentiation with respect to &).

The question of initial conditions for the approximating system of ordinary dif-
ferential equations remains open.

The start of the boundary layer (£ - 0) is a singular point of equations of the
approximating system. In fact, in the case of chm we can write
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m
Ve cmt! (m+1)rﬁ- gmtl

so that

In order to use any of the numerical integration methods one must have initial
conditions in a point far removed from the singular point. It is easy to show that
the solution of the approximating system of equations in any approximation can be
represented in the form

8,=ALVE.

This can be easily shown by direct substitution into the system of equations. For
example, in the second approximation

A
._.Q—_+ ﬁ_ (9A,VE +7A1\’—E: ) = 3432 :
wWE I8 Ao VE AI vE
A 0
Tl L B UAVE6AVE ) = 0 - 10 /99
ayE 25 VTR AR T ALV /22

or

(1+QB)A0+79A1=Z—8 _ 64,

0 Al
48A 4+ (1468 A, =iﬂ —;%2.
0 1

We note that quantities Ak are related to function ¢ of the exact Falkner-Skan

differential equation by the following relationship; in particular, for A we have the
relation 0

rZ4 (0_)— ]

A
AO V2

This expression can be used for estimating the accuracy of approximate solutions
obtained with the method under consideration (see the table).

202



[e
TABLE OF 1 = lim Y=
Ay &t~o0 9

o 7 Appfox:imation Exact
ist 2nd 3rd | 4th solution

-0.10 0,41833 separat‘n 0,23246 | 0.22255 0.22576
0.00 0. 50000 0,.31682 0.323538 0,33181 | 0.332086

1,00 1.0000 0.87247 0,87056 | 0.87164 0.87157
2.00 1,32288 | 1.19371 1.19252 | 1.18321 1,19304

Once the value of 9, is found, the determination of the boundary-layer variables
Cs, §* and §'* is elementary:

respectively in the 1st, 2nd, 3rd and 4th approximations, Here ] and V are the /221

characteristic lengths and velocity

VRe = JVI/v.

In the vicinity of the point of boundary-layer separation obviously 9 + ~. In this
vicinity the following approximating expression should be considered for o

1
6= — (¢ C U+... ) N—2
/_(0+ 1 + +CN—

1-u\Ju

2“ )'

The computation can be carried out with the old approximations, but for sufficiently
high ¢, one should convert to the new functions

v.=1/9,.

Numerical experiments carried out with the above substitution point to the possibility
of computing up to the separation point and of finding the latter with sufficient accuracy.
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The above method of generalized differential equations was applied successfully
to calculation of boundary layers in a compressible heat-conducting gas [2] and to
calculation of the compressible boundary layer of an ablating surface with allowance
for diffusion in the gas mixture,

2. The Method of Finite Differences

Equations of the boundary layer are of the parabolic type and hence they can be
treated to some extent by the tool of a priori estimates of the rate of convergence
of difference methods presented in A, A, Samarskiy's method. Since he discussed
model equations of heat conduction with simplest boundary conditions, we shall con-
sider some of the specific aspects of the use of finite difference methods for
problems of the boundary layer with incorporation of actual boundary conditions.

A large number of various difference schemes for solving boundary-layer
equations is presently available, We shall consider only two of them, which are
most interesting from this author's point of view. It was previously mentioned that
the construction of the difference scheme depends on the kind of starting differential
equations, In conjunction with this I selected two approaches to the construction of
difference schemes of computations, the substance of which is determined to a large
extent by the form of the starting equations.

1. The first difference scheme considered will be that suggested by A. L. Dyshko
[3]. If the independent variables x, y are replaced by von Mises variables, i.e.,
{x, v), where y is a stream function defined by the continuity equation, then the
system of equations of an incompressible laminar boundary layer will be reduced to
a single equation, which is the quasilinear equation of heat conduction

o 2
%?:v\/l]'(x)—z‘?-%, (2.1)

Yy

where z = U2(x) - uz(x, y), with the boundary conditions:

2(0,0) =U2(N)>0; 2(w,x)=0; 2z(v,0)=0.

)2
22 5 as

i

Equation (2. 1) has a singularity at the body's surface ¥= 0, since

¥ + 0. Obviously, it is difficult to construct a regular method for comémting this
equation, firstly, due to the singularity in the equation and secondly, due to the need
to solve the equation in the infinite region 0< ¥ <. The domain of the solution can
be bounded by introducing new independent variables. In fact, let

X= 4 5 v=@-Xz; t= %,
+
where ‘i’o is some constant allowing one to select a scale for v, then Eq. (2.1) will be
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written in the form

—_— 7 2
v M%) - V(1-X) * V.
ot v\/(l ¥ A()-v(Qa-X) ox? (2.2)

with the boundary conditions:

VO, =W2(t)>0; V(1,0 =0; V(X,0)=0,

where W2 (1) - Uz(t?sx). For this equation, as before 9;! >0 as X » 0.
d

Now we must examine the nature of the singularity in the solution of Eq. (2.2)
in order to be able to construct a difference scheme allowing for computation up to
aV

the body's surface (X =0). We assume that: 1) 5T is a continuous function of X in
vicinity X=0; 2) there exists g—}g = A; 3) boundary function w2t )> 0 is a monotoni- /223
A=0

cally increasing function.

The last limitation is not of substance and is used only fo prove that

-2y > 0.
(0,¢)

It is subsequently assumed that v = 1, which obviously, does not detract from gener-
ality, since it is reasonable to assume v =const for an incompressible boundary layer.

We consider the nature of the solution of Eq. (2.2) in the vicinity of X =0 for

‘I
t=t.]mtwa%)=wg,mm§f=p(thx We write a(X) - PX_ | Fgort=t

0 . 0
(1-X) "%

Eq. (2.2) becomes the ordinary equation

q(X)=\/w§(1;}:)~'/-x-"', (2.3)

2
where V' = d_‘zi
dy t=t,

We introduce a new function

V-u-—w -aAX. (2.4)
. 0
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using which Eq. (2.3) is written as

a(X)= JRX-F-Ww"",

where R=- A - W2. Because of Eq. (2.4), the boundary conditions for W (X) will be

0

W(0) = W(0) = 0. (2. 5)

According to the first assumptlon q(X) is a positive and continuous function in the
vicinity of X = 0, when W' > 0 in the same vicinity. With reference to Eq. (2. 5)
we find that W( X )> 0., from which it follows that R>0. Then using the Cauchy
formula

k (k+l)

f(x)= = r(x—~) f @

T}f (0)':0, i=1)2)"'!ky

and Eq. (2.5), we get for W(X)

X /22
W(X)=~ [ Mdt; =
o VRt —W(x)

using the mean-value theorem, we may write

X

"R . E

(2.6)

and 0 < g < X.

Evidently, we have the following representation in the vicinity of X =0

—L 1. L+0(E)
v 2R< T

1- L

Rx

Substituting this expansion in Eq. (2.6), we get

W(X) - ‘?7(—3‘)[%" 3le2 +0(x2)];
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Returning to function V(X) we get the following expression for the latter in the
vicinity of X = 0:

)
VeasbXecX” +dX% 40X,

where a, b, ¢ and d are some constants.

If then the solution is approximated at some grid region in the form of parabolas

3,
A . e .
Vm =a, + me m*cmxm and we write the second derivative as
2 -%
rr a V 3 2
Vie s z2=c¢c X
ox® 4
then the first derivative g%/ can be written in the form
, n+ 1 n
a_V = ‘_m - _ V’”
et = 7

where t is the lattice spacing in the direction of variable t and the difference scheme
obtained as a result can be used for computation up to the body's surface X = 0.

The computational grid is specified by the equations /225

%

y tnun’f;

M4

where a nonuniform grid, becoming denser at the body's surface, is selected in the

X direction. The selection of this kind of subdivision in the X direction was directed
by two considerations: 1) the existence of a singularity in the solution's behavior in

the vicinity of X = 0; 2) convenience of obtaining with this grid estimates of the
approximation and stability of the difference systems. The mathematical manipulations
are not given here, since they are quite simple but very cumbersome, and only the
principal results will be given.

The principal term of the error of approximating the second derivative with
respect to X can be written in the form

3 2 -% -2
A==Z<:m(Xm)-.Xm - 2=0(m™ 9.

The approximating error of the first derivative with respect to time obviously is
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n+l n
&"__:_YE _ 9V =0(1)

T at

myn

It is known from the preceding lectures that the selection of an explicit dif-
ference scheme requires checking the latter for stability and determining the

lattice spacing ratio which ensures this stability. It can be seen by examin-
ing the behavior of the linear part of the errors that the sufficient condition for

stability of the difference scheme has the form

’t=0-_1._. .
<M2>

Then, if 5 is used to denote the linear part of the error in solving the difference
equation 8 = u ~u, ,,» where uis the solution of the differential equation and

u is the solution of the corresponding difference equation), then it can be shown

thai’:
18130( £.>.
MZ

Apparently, this estimate of the convergence of the difference to the differential
solution is somewhat on the high side.

One of the advantages of the above method is the small machine memory needed /2
for computations,

2. In conclusion I wish to consider still another finite-difference method for
solving equations of the laminar boundary layer [4]. The item of importance in
writing the difference scheme in this method is the fact that the starting boundary-
layer equations are written in the form of laws of conservation of mass, momentum
and energy, or in the so-called divergent form.

The system of equations of the laminar boundary layer can then be written in the
following vectorial form:

It dive dv=0 (k=1,2,3,...,n). @2.7)

-
Vectors ¥, express vector fluxes of mass, momentum and energy of a unit gas

volume in the boundary layer. By virtue of arbitrariness of the volume V under
consideration, Eqgs. (2.7) yield the known differential equations of the boundary layer,

We restrict ourselves to a two-dimensional boundary layer. I the body's
generatrix s and normal n to the body are taken as the coordinates, then the boundary
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conditions take the form

T (w)=C, ‘-37 (=)= 2,(s),

-
Len es

where ¢ ;. (s) are known functions, obtained from solving the problem of external
flow of an ideal gas past a body

Y @=%" (0,

Len Len

where the plus and minus signs pertain to variables determined at both sides of the
body's surface, which serves in boundary layer equations as a discontinuity surface.
In the case when the body's surface disintegrates (evaporates or ablates), the con-
ditions at it should be supplemented by the kinetic condition describing the evaporation
or ablation mechanism. This condition is substantially nonlinear and has a marked
effect on the convergence of the numerical method.

The idea of constructing difference representations of equations written in the
form of integral conservation laws (2. 7) is related to the following obvious equation
fffdiv'\:'_;ldu = fJ’?P/Cd_S::O

V s

or in the two-dimensional case /227

§ W,de =0, (2.8)
L

ff div ¥, ds
S

where the directions of vectors dS and dé¢ coincide respectively with the directions
of normals to a surface element and to a contour element.

I now the domain of definition is subdivided by a curvilinear orthogonal grid

s;=ias,n i " jan andthe integral f W}_de for the contour enclosing an area element
Lk
j—l;si’nj+l; si+l’nj+1; i+l
formulas of numerical integration, then we get as a result a difference equation cor-~
responding to Eq. (2.8) for the area element in question. This method of constructing
difference equations is a generalization of the known construction of difference equa~
tions of through computation for a heat conduction equation with a discontinuous coef-
ficient suggested by A.A. Samarskiy and A, N, Tikhonov. We shall not consider in
detail the difference equations obtained, since this was done by A. A. Samarskiy. It
will be only noted that the difference scheme thus constructed can be used for

with vertices (s;, n s mig ) is written using some

209



computations also in the case when the boundary-layer equations contain discon-
tinuous coefficients.

The difference equations obtained by means of the above procedure can be
solved by iterations. Here a solution of a system of linear equations must be found
in each such iteration. In general the solution of the system of linear equations
corresponding to the starting boundary layer equations could have been found using
the method of matrix factorization. However, using the physical nature of vectors

-
¥, as vector fluxes of independent flow variables, it is possible to reduce the matrix
factorization to a sequence of linear sweeps.

Vector ‘3";, can be written in the form

2>

-
lI'k=mcp,_,+fk (k=1,2,...,n),
where #i is the vector of the total mass flux; ¢, takes on values C o 13 and T, fk is

P
a vector whose projections are homogeneous functions of derivatives —a—n’i + If the _/2
iterations are organized so that only quantities ¢, are iterated with respect to the
corrected quantities m and [ L then obviously with this organization of iterations

the computation in each iteration reduces to sequential solution of the equations of
motion, diffusion and conservation of energy by the sweep method. It is possible

to carry out iterations also for terms f ;, while retaining the linear sweep [5]. The
advantage of this computation consists additionally in the fact that vector m with com-
ponents pu and pv is sufficiently conservative, i.e,, it changes little in the boundary
layer. Hence the iteration process will converge sufficiently rapidly if conditions

of impermeability or of a given gas penetration are satisfied at the body surface, i.e,.

ifmeR =0orm+# =f(s), where f(s) is a given function, for n =0. If, however,

M+ B is an unknown quantity, and is to be found in the course of solution, which is
the case for a boundary layer at a disintegrating surface, then the convergence of
iterations may become markedly poorer or there may be no convergence at all. In
this case the computations can be stabilized by using so-called damping of the

quantity (me i) o = (PV)o Quantity pv in the (I + 1)th iteration is calculated from
the formula

l l
CLOMILIVDN +6[(Fv)o“ =vl 1

where (p—lﬂol+l is found from the evaporation condition at the surface,

The above approach was used for solving boundary-layer problems at ablating
blunt-nosed bodies of revolution under various evaporation conditions at their sur-
faces. Computations were made for nonequilibrium evaporation, constant penetra-
tion rate and penetration rate sepcified in the form of a discontinuous function [4].
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The same method was used for calculating the boundary layer in hypersonic
nozzles, Flows in such nozzles have high negative pressure gradients and a sharp
increase in the boundary layer thickness. The use of damping in the entire flow
field in the boundary layer within the framework of the above numerical method
provided results of good accuracy with a small number (3-5) of iterations.

We note in conclusion that the method of a priori estimates of convergence and
error of the numerical method developed by A.A. Samarskiy for particular classes /229
of parabolic-type equations cannot be used for problems considered here due to
their pronounced nonlinearity. Hence the accuracy of the method was estimated a
posteriori, by decreasing lattice spacings and increasing the number of iterations.
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